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History of embedding

Train the embedding of the data on:

I Euclidean space.

I A simple Riemannian space.

I Products of Riemannian spaces with constant curvature.

I Products of Riemannian spaces with data-dependent curvature.
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Embedding

I For metric spaces U, V equipped with distance dU , dV , an
embedding is an injective mapping f : U −→ V .

I The quality of an embedding is measured by various fidelity
measures.



Fidelity Measure over Embedding space

I Distortion of a pair of points a, b is
|dV (f (a), f (b))− dU(a, b)|/dU(a, b). Average distortion
Davg is the average over all pairs of points.

I mean Average Precision (mAP). Let G = (V ,E ) be a
graph and node a ∈ V have neighborhodd
Na = {b1, · · · , bdeg(a)}, where deg(a) is the degree of a. Ra,bi

is the smallest ball around f (a) that contains bi .

mAP(f ) =
1

|V |
∑

a∈V

1

deg(a)

Na∑

i=1

|Na ∩ Ra,bi |/Ra,bi (1)



Notes on Riemannian manifolds

I Any smooth manifold (or Riemannian manifold) can be
smoothly (or isometrically) embedded into some Euclidean
space.

I Without loss of generality, a differential manifold can be seen
as a multi-dimensional curved surface in an Euclidean space.

I The usual Euclidean space is a manifold.



Tangent Vector, Tangent Space and Vector fields

I A tangent vector at p can be represented by the class of
smooth curves passing p which share the same tangent vector.
This point of view is useful both conceptually and
computationally.

I All the tangent vectors at a point p ∈ M form a vector space,
denoted by TpM. It is called the tangent space of manifold M
at point p.

I The dimension of tangent space equals the dimension of the
manifold.



Riemannian manifold

I If M is equipped with a Riemannian metric g , then the pair
(M, g) is called a Riemannian manifold.

I Riemannian Metric g provides an inner product gp on each of
tangent space TpM of M. g : TpM × TpM −→ R

I An inner product is a symmetric, positive-definite bilinear form.

The norm of v ∈ TpM is defined as ||v ||g := gp(v , v)
1
2 .

I In Euclidean space Rd . Each tangent space TpRd is
canonically identified with Rd , and the metric tensor g is
simply the normal inner product.



Hyperbolic and Spherical Model

The authors use the hyperboloid model of hyperbolic space, with
points in Rd+1. Let J ∈ R(d+1)×(d+1) be the diagonal matrix with
J00 = −1 and Jii = 1 : i > 0. For p, q ∈ Rd+1. The Minkowski
inner product is < p, q > ∗ := pT Jq = −p0q0 + p1q1 + ...+ pdqd .
For any K > 0,

I The hyperboloid Hd
K is defined on the subset

p ∈ Rd+1 : ||p||∗ = −K 1/2, p0 > 0. K = 1. The distance on
Hd

K = acosh(− < p, q > ∗)
I the spherical SdK is defined on the subset

p ∈ Rd+1 : ||p||∗ = K 1/2, p0 > 0. K = 1. The distance on
Sd = acosh(< p, q >)

K can be treated as parameter and be optimized



Geodesics

I The shortest-distance paths on manifolds are called geodesics.

I Geodesics is the analogue of straight lines in a curved space.



Exponential Map
I Exponential map expp : TpM −→ M provides a way to control

the surface near a point using the tangent space of that point.
This is convenient because tangent space is a vector space
while the surface is a curved space.

I An example: Exponential map sends a vector η ∈ TpM to a
point y ∈ M s.t . y is the endpoint of the unique geodesic γ(t)
which starts at γ(0) = x with initial velocity γ̇(0) = η and
stops at time 1. i.e. y = γ(1)



Riemannian Gradient

I Given a smooth function f on a Riemannian manifold (M, g).

I The Riemannian gradient of f at p, denoted by ∇f (p) is the
unique element in TpM that satisfies

g(∇f (p), ξp) = dfp(ξp), ∀ξp ∈ TpM (2)

I In local coordinates, if the inner product at p is Gp in matrix
notation, then

∇f (p) = G−1p grad f (p) (3)

here grad f (p) denotes the Euclidean gradient in Rn.



Product Manifolds

I The Cartesian product of Riemannian manifolds
M = M1 ×M2 · · · ×Mk is a Riemannian manifold.

I The points p = (p1, · · · , pk) : pi ∈ Mi , tangent vector
v = (v1, · · · , vk) : vi ∈ TpiMi can be written accordingly.

I The metric tensor is defined as g =
∑k

i=1 gi (ui , vi ). The
product metrics can be easily decomposed.



Product Space Construction
Let SdK and Hd

K be the spherical and hyperbolic spaces of dimension
d and curvature K , −K . Ed be the Euclidean space of dimension d .
The main embedding space is

P = Ss1 × Ss2 × · · · × Ssm × · · ·Hh1 ×Hh2 × · · · ×Hhn × Ee (4)
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Algorithm 1 R-SGD in products

1: Input: Loss function L : P ! R
2: Initialize x(0) 2 P randomly
3: for t = 0, . . . , T � 1 do
4: h rL(x(t))
5: for i = 1, . . . , m do
6: vi  projS

x
(t)
i

(hi)

7: for i = m + 1, . . . , m + n do
8: vi  projH

x
(t)
i

(hi)

9: vi  Jvi

10: vm+n+1  hm+n+1

11: for i = 1, . . . , m + n + 1 do
12: x

(t+1)
i  Exp

x
(t)
i

(vi)

13: return x(T )

G

Gtree Gcycle

Figure 2: Left: Riemannian SGD decomposes per component. Subscripts i index components in the
product. Right: Ring of trees graph G. Neither hyperbolic nor spherical space is suitable for G, but
the product H⇥ S captures it with low distortion. Note the decomposition into tree and cycle.

which captures the average distortion. (2) depends on hyperbolic distance dH (for which the gradient
is unstable) only through the square d2

H , which is continuously differentiable (Sala et al., 2018).

In any Riemannian manifold, a loss function can be optimized through standard Riemannian opti-
mization methods such as RSGD (Bonnabel, 2013) and RSVRG (Zhang et al., 2016). We write down
the full RSGD specialized to our product spaces in Algorithm 1. This proceeds by first computing
the Euclidean gradient rL(x) with respect to the ambient space of the embedding (Step 4), and
then converting it to the Riemannian gradient by applying the Riemannian correction (multiply by
the inverse of the metric tensor g�1

P ). This overall strategy has been detailed in previous work in the
hyperboloid model (Nickel & Kiela, 2018; Wilson & Leimeister, 2018), and the same calculations
apply to our hyperbolic components.

Since gP is block diagonal on a product manifold, it suffices to apply the correction and perform
the gradient step in each component Mi independently. In the spherical and hyperboloid models,
which have smaller dimension than the ambient space, this is performed by first projecting the
gradient vector h onto the tangent space TxM via projSx (h) = h� hh, xix (Step 6) and projHx (h) =
h + hh, xi⇤x (Step 8). In the hyperboloid model, a final rescaling by the inverse of the metric J is
needed (Step 9). This is not required in the spherical model since it inherits the same metric from
the ambient Euclidean space.

Learning the Curvature There exists a spherical model for every curvature K > 0 (for example,
the sphere Sd

K of radius K�1/2) and a hyperbolic model for every K < 0 (the hyperboloid Hd
�K).

We jointly optimize the curvature Ki of every non-Euclidean factor Mi along with the embeddings.

The idea is that distances on the spherical and hyperboloid models of arbitrary curvature can be
emulated through distances on the standard models S, H of curvature 1. For example, given p, q
on the sphere S1/R2 of radius R, then d(p, q) = R · dS1

(p/R, q/R) where p/R, q/R lie on the
unit sphere. Therefore the radius R, which is monotone in the curvature K, can be treated as a
parameter as well, so that we can optimize K and implicitly represent points lying on the manifold
of curvature K, while explicitly only needing to store and optimize points in the standard model of
curvature 1 via Algorithm 1. The hyperboloid model is analogous. Moreover, the loss (2) depends
only on squared distances on the product manifold, which are simple functions of distances in the
components through (1), so we can optimize the curvature of each factor in P .
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Loss Function

Given graph distance {dG (Xi ,Xj)}ij , the loss function is

L(x) =
∑

1≤i≤j≤n

∣∣∣∣
(

dP(xi , xj)

dG (Xi ,Xj)

)2

− 1

∣∣∣∣ (5)



Optimization over Riemannian Space

I Gradient descend in Euclidean space.

I Project the gradient to tangent space.

I Map from Tangent space to manifold to do gradient descent.
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Learning the Curvature

I There exists a spherical model for every curvature K > 0 (for
example, the sphere SdK of radius K−1/2) and a hyperbolic
model for every K < 0 (the hyperboloid Hd

−K ).

I The authors jointly optimize the curvature Ki of every
non-Euclidean factor Mi along with the embeddings.

I They introduce a heuristic to estimate the sectional curvature
of graph data.



Curvature Estimation: Intuitive Understanding
I Estimate the curvature using the data.

I Match the curvature with the most similar space.

Let abc be a geodesic triangle in manifold (or metric space) M and
m be the (geodesic) midpoint of bc, and consider the quantity

ξM(a, b, c) := dM(a,m)2 + dM(b, c)2/4− (dM(a, b)2 + dM(a, c)2)/2
(6)

This is non-negative (resp. non-positive) when the curvature is
non-negative (resp. non-positive).
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Figure 3: Geodesic triangles in differently curved spaces: compared to Euclidean geometry in which
it satisfies the parallelogram law (Center), the median am is longer in cycle-like positively curved
space (Left), and shorter in tree-like negatively curved space (Right). The relative length of am can
be used as a heuristic to estimate discrete curvature.

3.2 ESTIMATING THE SIGNATURE

To choose the signature of an appropriate space P corresponding to given data, we again turn to
curvature. We use the sectional curvature, a finer-grained notion defined over all two-dimensional
subspaces passing through a point. Unlike coarser notions like scalar curvature, this is not constant
in a product of basic spaces. Given linearly independent u, v 2 TpM spanning a two-dimensional
subspace U , the sectional curvature Kp(u, v) or Kp(U) is defined as the Gaussian curvature of the
surface Exp(U) ✓ M . Intuitively, this captures the rate that geodesics on the surface emanating
from p spread apart, which relates to volume growth. In Appendix C.2, we show that the sectional
curvature of P interpolates between the sectional curvatures of the factors, enabling us to better
capture a wider range of structures in our embeddings:

Lemma 1. Let M = M1 ⇥M2 where Mi has constant curvature Ki. For any u, v 2 TpM , if
K1, K2 are both non-negative, the sectional curvature satisfies K(u, v) 2 [0, max{K1, K2}]. If
K1, K2 are both non-positive, the sectional curvature satisfies K(u, v) 2 [min{K1, K2}, 0]. If
Ki < 0 and Kj > 0 for i 6= j, then K(u, v) 2 [Ki, Kj ].

Our estimation technique employs a triangle comparison theorem following from Toponogov’s the-
orem and the law of cosines, which characterizes sectional curvature through the behavior of small
triangles (note that a triangle determines a 2-dimensional submanifold). Let abc be a geodesic tri-
angle in manifold (or metric space) M and m be the (geodesic) midpoint of bc, and consider the
quantity

⇠M (a, b, c) := dM (a, m)2 + dM (b, c)2/4�
�
dM (a, b)2 + dM (a, c)2

�
/2. (3)

This is non-negative (resp. non-positive) when the curvature is non-negative (resp. non-positive).
Note that consequently the equality case occurs exactly when the curvature is 0, and equation 3
becomes the parallelogram law of Euclidean geometry (Figure 3).

Analogous to sectional curvature, which is a function of a point p and two directions x, y from p,
in an undirected graph G we define an analog for every node m and two neighbors b, c. Given
a reference node a we set: ⇠G(m; b, c; a) = 1

2dG(a,m)⇠G(a, b, c). This is exactly the expression
from equation 3, normalized suitably so as to yield the correct scaling for trees and cycles. Our
curvature estimation is then a simple average ⇠G(m; b, c) = 1

|V |�1

P
a 6=m ⇠G(m; b, c; a).

Importantly, ⇠G recovers the right curvature for graph atoms such as lines, cycles, and trees
(Appendix C.2, Lemma 4,5), and the correct sign for other special discrete objects like polyhe-
dra (Thurston, 1998). The curvature is zero for lines, positive for cycles, and negative for trees.

For a generic graph G, we use this to generate a potential product manifold to embed in. An em-
pirical sectional curvature of G is estimated via Algorithm 3, which is based off the homogeneity of
product manifolds (i.e. isometries act transitively), implying that it suffices to analyze the curvature
at a random point. In particular, we moment-match the distributions of sectional curvature through
uniformly random 2-planes in the graph and in the manifold through Algorithms 3,2 (Appendix C.2).

3.3 MEANS IN THE PRODUCT MANIFOLD

A critical operation on manifolds is that of taking the mean; it is necessary for many downstream
applications, including, for example, analogy tasks with word embeddings, for clustering, and for
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Curvature

I The curvature of a curve can be found by considering the
osculating circles which match it to second order.

I Gaussian curvature is the product of the principal curvatures,
which can be thought of as the smallest and largest curvature
in different directions.

I Given linearly independent u, v ∈ TpM spanning a
two-dimensional subspace U, the sectional curvature Kp(u, v)
or Kp(U) is defined as the Gaussian curvature of the surface
Exp(U) ∈ M.

I Note that the previous triangle technique determines a
2-dimensional submanifold.



Curvature Estimation of the manifold production
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Sectional curvature estimation on graph

Analogous to sectional curvature, which is a function of a point p
and two directions x , y from p, in an undirected graph G , the
authors define an analog for every node m and two neighbors b, c.
Given a reference node a the authors set:
ξG (m; b, c ; a) = 1

2dG (a,m)ξG (a, b, c). The curvature estimation is a

simple average ξG (m; b, c) = 1
|V |−1

∑
a 6=m ξG (m; b, c ; a).
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Algorithm 2 Sectional curvature distribution

1: Input: Dimensions d1, d2

2: a1  �2(d1 � 1)
3: b1  �2(d1 � 1)
4: t1  Beta((d1 � 1)/2, (d1 � 1)/2)

5: c1  a
1/2
1 b

1/2
1 (2t1 � 1)

6: a2  �2(d2 � 1)
7: b2  �2(d2 � 1)
8: t2  Beta((d2 � 1)/2, (d2 � 1)/2)

9: c2  a
1/2
2 b

1/2
2 (2t2 � 1)

10: ↵1  a1b1 � c2
1

11: ↵2  a2b2 � c2
2

12: �  a1b2 + a2b1

13: return ↵1

↵1+↵2+�K1 + ↵2

↵1+↵2+�K2

itself can be constructed by orthonormalizing independent random normal vectors. In particular, it
suffices to consider V spanned by independent Gaussians x, y ⇠ N (0, I).

Furthermore, we do not actually need to sample d-dimensional vectors x, y to compute the rele-
vant curvature in equation 6. It suffices to sample the quantitities hx1, y1i, hx1, x1i, hy1, y1i and
hx2, y2i, hx2, x2i, hy2, y2i directly. Note that ↵ := hx1, x1i and � := hy1, y1i are �2-distributed,
while hx1, y1i ⇠

p
↵��, where � is distributed as the dot product of two uniformly random unit

vectors. By rotational invariance, this is the same as the first coordinate of a random unit vector,
which in turn is distributed as X2

1/(X2
1 + · · · + X2

d) for independent normal Xi, and therefore
(� + 1)/2 ⇠ Beta((d� 1)/2, (d� 1)/2).

Thus a random K(V) can be computed by sampling from well known distributions in constant time,
via Algorithm 2.

Furthermore, without knowing K1, K2 a priori, an estimate for these curvatures can be found by
matching the distribution of sectional curvature from Algorithm 2 to the empirical curvature com-
puted from Algorithm 3. In particular, Algorithm 2 can be used to generate samples for ↵1

↵1+↵2+�

and ↵2

↵1+↵2+� . The overall moments are then simple functions of K1, K2, and the sample moments
of the above quantities, so that K1, K2 can then be found by matching moments.

Curvature Estimation We prove the facts we mentioned in the main body of the paper relating to
the evaluation of ⇠ over fundamental pieces of graphs: lines, cycles, and trees.

Lemma 3. Suppose a lies on the same geodesic line as b, m, c; in other words, WLOG dG(a, b) 
dG(a, c) and suppose dG(a, c) = dG(a, b) + dG(b, m) + dG(m, c). Then ⇠(m; b, c; a) = 0.

Lemma 4. Consider a cycle graph C with nodes b, m, c such that (m, b) and (m, c) are neighbors.
Then for all a 2 C, ⇠(m; b, c; a) is either 0 or positive.

Proof. Without loss of generality, let the cycle have an even number of vertices n. Let k be the node
diametrically opposite from m. Note that for any vertex a 6= n, a, b, m, c lie on a geodesic line, and
therefore ⇠(m; b, c; a) = 0. On the other hand,

⇠(m; b, c; a) =
1

2 · n/2

✓⇣n

2

⌘2

+ 1� 1

2

�
(n/2� 1)2 + (n/2� 1)2

�◆
= 1.

The case when n is odd is similar, where we find that two nodes a satisfy ⇠(m; b, c; a) = n/(n� 1)
and the rest are 0.

Lemma 5. Consider a tree graph T with nodes b, m, c such that (m, b) and (m, c) are neighbors.
Then for all a 2 T , ⇠(m; b, c; a) is either 0 or negative.

18
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Thus a random K(V) can be computed by sampling from well known distributions in constant time,
via Algorithm 2.

Furthermore, without knowing K1, K2 a priori, an estimate for these curvatures can be found by
matching the distribution of sectional curvature from Algorithm 2 to the empirical curvature com-
puted from Algorithm 3. In particular, Algorithm 2 can be used to generate samples for ↵1

↵1+↵2+�

and ↵2

↵1+↵2+� . The overall moments are then simple functions of K1, K2, and the sample moments
of the above quantities, so that K1, K2 can then be found by matching moments.

Curvature Estimation We prove the facts we mentioned in the main body of the paper relating to
the evaluation of ⇠ over fundamental pieces of graphs: lines, cycles, and trees.

Lemma 3. Suppose a lies on the same geodesic line as b, m, c; in other words, WLOG dG(a, b) 
dG(a, c) and suppose dG(a, c) = dG(a, b) + dG(b, m) + dG(m, c). Then ⇠(m; b, c; a) = 0.

Lemma 4. Consider a cycle graph C with nodes b, m, c such that (m, b) and (m, c) are neighbors.
Then for all a 2 C, ⇠(m; b, c; a) is either 0 or positive.

Proof. Without loss of generality, let the cycle have an even number of vertices n. Let k be the node
diametrically opposite from m. Note that for any vertex a 6= n, a, b, m, c lie on a geodesic line, and
therefore ⇠(m; b, c; a) = 0. On the other hand,

⇠(m; b, c; a) =
1

2 · n/2

✓⇣n

2

⌘2

+ 1� 1

2

�
(n/2� 1)2 + (n/2� 1)2

�◆
= 1.

The case when n is odd is similar, where we find that two nodes a satisfy ⇠(m; b, c; a) = n/(n� 1)
and the rest are 0.

Lemma 5. Consider a tree graph T with nodes b, m, c such that (m, b) and (m, c) are neighbors.
Then for all a 2 T , ⇠(m; b, c; a) is either 0 or negative.
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Table 1: Matching geometries: Average distortion on canonical graphs (tree, cycle, ring of trees)
with 40 nodes, comparing four spaces with total dimension 3. The best distortion is achieved by the
space with matching geometry.

Cycle Tree Ring of Trees

|V | = 40, |E| = 40 |V | = 40, |E| = 39 |V | = 40, |E| = 40

(E3)1 0.1064 0.1483 0.0997
(H3)1 0.1638 0.0321 0.0774
(S3)1 0.0007 0.1605 0.1106

(H2)1 ⇥ (S1)1 0.1108 0.0538 0.0616

doubling the number of factors. These models include the products consisting of only a constant-
curvature base space, ranging to various combinations of Sd/2

2 , Hd/2
2 comprising factors of dimen-

sion 2.3 For a given signature, the curvatures are initialized to the appropriate value in {�1, 0, 1}
and then learned using the technique in Section 3.1. We additionally compare to the outputs of
Algorithms 2,3 for heuristically selecting a combination of spaces in which to embed these datasets.

Quality We focus on the average distortion—which our loss function (2) optimizes—as our main
metric for reconstruction, and additionally report the mAP metric for the unweighted graphs. As
expected, for the synthetic graphs (tree, cycle, ring of trees), the matching geometries (hyperbolic,
spherical, product of hyperbolic and spherical) yield the best distortion (Table 1). Next, we report
in Table 2 the quality of embedding different graphs across a variety of allocations of spaces, fixing
total dimension d = 10 following previous work (Nickel & Kiela, 2018). We confirm that the struc-
ture of each graph informs the best allocation of spaces. In particular, the cities graph—which has
intrinsic structure close to S2—embeds well into any space with a spherical component, and the tree-
like Ph.D.s graph embeds well into hyperbolic products. We emphasize that even for such datasets
that theoretically match a single constant-curvature space, the products thereof perform no worse.
In general, the product construction achieves high quality reconstruction: the traditional Euclidean
approach is often well below several other signatures. We additionally report the learned curvatures
associated with the optimal signature, finding that the resulting curvatures are non-uniform even for
products of identical spaces (cf. Ph.D.s). Finally, Table 3 reports the signature estimations of Algo-
rithms 2, 3 for the unweighted graphs. Among the signatures over two components, the estimated
curvature signs agree with best distortion results from Table 2.

4.2 WORD EMBEDDINGS

To investigate the performance of product space embeddings in applications requiring the underlying
manifold structure, we learned word embeddings and evaluated them on benchmark datasets for
word similarity and analogy. In particular, we extend results on hyperbolic skip-gram embeddings
from Leimeister & Wilson (2018) (LW), who found that hyperbolic embeddings perform favorably
against Euclidean word vectors in low dimensions (d = 5, 20), but less so in higher dimensions
(d = 50, 100). Building on these results, we hypothesize that in high dimensions, a product of
multiple smaller-dimension hyperbolic spaces will substantially improve performance.

Setup We use the standard skip-gram model (Mikolov et al., 2013) and extend the loss function
to a generic objective suitable for arbitrary manifolds, which is a variant of the objective proposed
by LW. Concretely, given a word u and target w, with label y = 1 if w is a context word for u and
y = 0 if it is a negative sample, the model is P (y|w, u) = �

�
(�1)1�y(� cosh(d(↵u, �w)) + ✓)

�
.

Training followed the setup of LW, building on the fastText skip-gram implementation. Euclidean
results are reported directly from fastText. Aside from choice of model, the training setup including
hyperparameters (window size, negative samples, etc.) is identical to LW for all models.

Word Similarity We measure the Spearman rank correlation ⇢ between our scores and annotated
ratings on the word similarity datasets WS-353 (Finkelstein et al., 2001), Simlex-999 (Hill et al.,

3Note that S1 and H1 are metrically equivalent to R, so these are not considered.
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Table 2: Graph reconstruction: fidelity measures for graph embeddings using d = 10 total dimen-
sions, with varying allocations of spaces and dimensions. Our loss function (2) targets distortion,
and for each dataset the best model reflects the structure of the data. Even on near-perfectly spherical
or hierarchical data, products of S (resp. H) perform no worse than the single copy.

Cities CS PhDs Power Facebook

|V |=312 |V |=1025, |E|=1043 |V |=4941, |E|=6594 |V |=4039, |E|=88234

Davg Davg mAP Davg mAP Davg mAP

E10 0.0735 0.0543 0.8691 0.0917 0.8860 0.0653 0.5801
H10 0.0932 0.0502 0.9310 0.0388 0.8442 0.0596 0.7824
S10 0.0598 0.0569 0.8329 0.0500 0.7952 0.0661 0.5562

(H5)2 0.0756 0.0382 0.9628 0.0365 0.8605 0.0430 0.7742
(S5)2 0.0593 0.0579 0.7940 0.0471 0.8059 0.0658 0.5728

H5 ⇥ S5 0.0622 0.0509 0.9141 0.0323 0.8850 0.0402 0.7414
(H2)5 0.0687 0.0357 0.9694 0.0396 0.8739 0.0525 0.7519
(S2)5 0.0638 0.0570 0.8334 0.0483 0.8818 0.0631 0.5808

(H2)2⇥E2⇥(S2)2 0.0765 0.0391 0.8672 0.0380 0.8152 0.0474 0.5951

Best model S5
1.0⇥S5

1.1 H2
.3⇥H2

.6⇥H2
1.5⇥(H2

1.2)
2 H5

3.4 ⇥ S5
12.6 H5

0.3 ⇥ S5
3.5

Davg improvement
over single space 0.8% 28.89% 16.75% 32.55%

Table 3: Heuristic allocation: estimated signatures for embedding unweighted graphs from Table 2
into two factors, using Algorithms 2,3 to match the empirical distribution of graph curvature. The
resulting curvature signs agree with results from Table 2 for choosing among two-component spaces.

CS PhDs Power Facebook

Estimated Signature H5
1.3 ⇥H5

0.2 H5
1.8 ⇥ S5

1.7 H5
0.9 ⇥ S5

1.6

2015) and MEN (Bruni et al., 2014). The results are in Table 4. Notably, we find that hyperbolic
word embeddings are consistently competitive with or better than the Euclidean embeddings, and
the improvement increases with more factors in the product. This suggests that word embeddings
implicitly contain multiple distinct but smaller hierarchies rather than forming a single larger one.

Analogies In manifolds, there is no exact analog of the “word arithmetic” of conventional word
embeddings arising from vector space structure. However, analogies can still be defined via intrinsic
product manifold operations. In particular, note that the loss function depends on the embeddings
solely through their pairwise distances. We thus define analogies a : b :: c : d by matching the
distances d2(a, b) = d2(c, d) and d2(a, c) = d2(b, d) through constructing an analog of the parallel-
ogram, by geodesically reflecting a through the geodesic midpoint (i.e. mean) m of b, c. Note that
this defines both the loss function and the intrinsic tasks purely in terms of distances and manifold
operations. Hence, unlike traditional word embeddings, this formulation is generic to any space.

Our evaluation, shown in Table 5, uses the standard Google word analogy benchmark (Mikolov
et al., 2013). We observe a 22% accuracy improvement over single-space hyperbolic embeddings in
50 dimensions and similar improvements over a single hyperbolic space in 100 dimensions. As with
similarity, accuracy on the analogy task consistently improves as the number of factors increases.

5 CONCLUSION

Product spaces enable improved representations by better matching the geometry of the embedding
space to the structure of the data. We introduced a tractable Riemannian product manifold class that
combines Euclidean, spherical, and hyperbolic spaces. We showed how to learn embeddings and
curvatures, estimate the product signature, and defined a tractable formulation of mean. We hope
that our techniques encourage further research on non-Euclidean embedding spaces.
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I Given a word u and target w , with label y = 1 if w is a
context word for u and y = 0 if it is a negative sample, the

model is P(y |w , u) = σ

(
(−1)1−y (−cosh(d(αu, γw )) + θ

)

I Learn word embeddings and evaluate them on benchmark
datasets for word similarity.
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Table 4: Spearman rank correlation on similarity datasets. Top: Previous results from embeddings
into spaces of fixed curvature. Bottom: Embeddings into products of H with fixed total dimension.

Dim 50 Dim 100

WS-353 Simlex MEN WS-353 Simlex MEN

Euclidean 0.6628 0.2738 0.7217 0.6986 0.2923 0.7473
Hyperbolic 0.6787 0.2784 0.7117 0.6846 0.2832 0.7217

2 Hyperbolics 0.6955 0.2870 0.7246 0.7297 0.3168 0.7450
5 Hyperbolics 0.7048 0.2837 0.7270 0.7379 0.3212 0.7530

Table 5: Accuracy on the Google word analogy dataset. Taking products of smaller hyperbolic
spaces significantly improves performance. Unlike conventional embeddings, the operations in hy-
perbolic and product spaces are defined solely through distances and manifold operations.

Total Dim d / Model Rd (Hd)1 (Hd/2)2 (Hd/5)5 (H2)d/2

50 0.3866 0.3424 0.3928 0.4181 0.4209
100 0.5513 0.3738 0.4310 0.4731 0.5216
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Summary

I Product of embedding space behaves like model ensemble.

I Dig out the hidden information in the data.
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