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Notations



Translation Invariance, Deformation Stability 
and High Frequency Preservation

• Translation Invariance:

• High Frequency Preservation: 
It’s good to discriminate different types signals.

• Deformation: 

Lipschitz continuous to the action of diffeomorphisms:

is the deformation gradient tensor matrix.
measures the deformation amplitude at x.

, where

not deformation invariant, but continuous to deformations!



Fourier Transform

FFT Basis functions: sinusoids
FFT can only offer frequency information
Loses time (location) coordinate completely
Analyses the whole signal
A Fourier modulus is translation invariant but unstable with 
respect to deformations at high frequencies.

Arbitrarily large at a high frequency!

The central frequency of f(x)



Scale-Invariant Feature Transform (SIFT)

1. SIFT computes the local sum of image 
gradient amplitudes among image 
gradients having nearly the same 
direction, in a histogram having 8 different 
direction bins.

2. SIFT does not have enough frequency 
and directional resolution to discriminate 
complex directional structures due to the 
‘averaging pooling’.



Wavelet
“The wavelet transform is a tool that cuts up data, functions or operators 
into different frequency components, and then studies each component 
with a resolution matched to its scale” ----Dr. Ingrid Daubechies, Duke U

A wavelet is a localized waveform and is stable to deformation. A 
wavelet transform computes convolutions with wavelets, which is  
translation covariant, not invariant.

Two-dimensional multiscale directional wavelet: 

, where r denotes the discrete rotations

The scale plays the same
role with the frequency. The 
finer the scale, the higher 
the frequency.



Multiresolution Wavelet Analysis (1)
A sequence of embedded approximation subsets of L2( R) :

with :

And a sequence of orthogonal complements, details’ subspaces :

The detail signal at 2j is the difference of information between the approximation
of function f(u) at resolutions 2j+1 and 2j.

Orthonormal wavelet:



Multiresolution Wavelet Analysis (2)

Fast algorithms using filter banks

2D Orthogonal wavelet transform



Wavelet Transform
As opposed to wavelet bases, a Littlewood-Paley wavelet transform is 

a redundant representation which computes convolution values without
subsampling:

Its Fourier transform is



Scattering Wavelets (1)
A wavelet transform commutes with translations, and is therefore not 
translation invariant. The main difficulty is to compute translation invariant 
coefficients, which remain stable to the action of diffeomorphisms, and retain 
high frequency information provided by wavelets.

Note:



Scattering Wavelets (2)
Scattering propagator:

Note: This transform has many similarities with the Fourier transform modulus, 
which is also translation invariant. However, a scattering is Lipschitz continuous to 
deformations as opposed to the Fourier transform modulus.

A wavelet modulus propagator keeps the low-frequency averaging 
and computes the modulus of complex wavelet coefficients:



Scattering Wavelets (3)



Scattering Convolution Network (1)

For appropriate wavelets, first order coefficients are 
equivalent to SIFT coefficients.



Scattering Convolution Network (2)

m=1 m=2



The Comparison to Existing Deep 
Convolution Networks



Scattering Properties
Both of propagator and scattering transform are nonexpansive

Energy conservation

Stability to deformation

Modulus projects wavelet coefficients to lower frequencies.



Discrimination at Higher Layers

Two images having same first order scattering coefficients, but the top image  
is piecewise regular and hence has wavelet coefficients which are much more
sparse than the uniform texture at the bottom. As a result the top image has   
second order scattering coefficients of larger amplitude than at the bottom.



Energy Concentration on Limited Depth



Scattering Stationary Processes



Classification on MNIST



Texture Discrimination
Classes: 61

Image: 200x200

Training: 46 each class



Conclusions

A wavelet scattering transform 
Good properties: translation invariant, stable to 

deformation and high frequency preservation
Realization via deep convolution network 

architecture. 
State-of-the-art classification results are 

obtained for handwritten digit recognition and 
texture discrimination, with an SVM or a PCA 
classifier.


