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Main idea

Motivation:

While very powerful, GANs are known to be notoriously hard to train;

To stabilize the training of GANs from the perspective of finding local

Nash-equilibria of smooth games.

Contributions:

Identify the main reasons why simultaneous gradient ascent often fails
to find local Nash-equilibria;

Design a new, more robust algorithm for finding Nash-equilibria of
smooth two-player games.
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Background

Consider GANs as Smooth Two-Player Games:

A di↵erentiable two-player game is defined by two utility functions f(�,
✓) and g(�, ✓), defined over a common space (�, ✓) 2 ⌦1 ⇥ ⌦2;

⌦1 corresponds to the possible actions of player 1, ⌦2 corresponds to
the possible actions of player 2. The goal of player 1 is to maximize f ,
whereas player 2 tries to maximize g ;

In the context of GANs, ⌦1 is the set of possible parameter values for
the generator, whereas ⌦2 is the set of possible parameter values for
the discriminator.
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Background

Consider GANs as Smooth Two-Player Games:

Our goal is to find a Nash-equilibrium of the game, i.e. a point x = (
�̄, ✓̄) given by the two conditions:

�̄ 2 argmax

�
f (�, ✓̄) and ✓̄ 2 argmax

✓
g(�̄, ✓). (1)

We call a point (�̄, ✓̄) a local Nash-equilibrium, if (1) holds in a local
neighborhood of (�̄, ✓̄).

A vector field for every di↵erentiable two-player game is defined as:

v(�, ✓) =

✓r�f (�, ✓)
r✓g(�, ✓)

◆
. (2)

Corollary. For zero-sum games, v 0(x̄) is negative semi-definite for any
local Nash-equilibrium x̄ . Conversely, if x̄ is a stationary point of v(x)
and v

0(x̄) is negative definite, then x̄ is a local Nash-equilibrium.
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Simultaneous Gradient Ascent

The de-facto standard algorithm for finding Nash-equilibria of general
smooth two-player games is Simultaneous Gradient Ascent (SimGA).

Main idea of SimGA: Iteratively update the parameters of the two
players by simultaneously applying gradient ascent to the utility
functions of the two players.

The paper shows that two major failure causes for this algorithm are:
1) eigenvalues of the Jacobian of the associated gradient vector field
with zero real-part; 2) eigenvalues with large imaginary part.
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Convergence Theory

In numerics, we often consider functions of the form

F (x) = x + h G (x) (3)

Finding fixed points of F (F (x) = x) is then equivalent to finding
solutions to the nonlinear equation G (x) = 0 for x . For F, the
Jacobian is given by:

F

0(x) = I + h G

0(x). (4)

Since in general neither F 0(x) nor G 0(x) are symmetric and can
therefore have complex eigenvalues.
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Convergence Theory

Lemma: Assume that A 2 Rn⇥n only has eigenvalues with negative
real-part and let h > 0. Then the eigenvalues of the matrix I + h A lie
in the unit ball if and only if

h <
1

|<(�)|
2

1 +
⇣
=(�)
<(�)

⌘2 (5)

for all eigenvalues � of A.

As q = =(�)
<(�) goes to infinity, we have to choose h according to

O(q�2), which can quickly become extremely small.

As a result, if G 0(x̄) has an eigenvalue with small absolute real part
but big imaginary part, h needs to be chosen extremely small to still
achieve convergence.
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Consensus Optimization

Finding stationary points of the vector field v(x) is equivalent to
solving the equation v(x) = 0. In the context of two-player games
this means solving the two equations:

r�f (�, ✓) = 0 and r✓g(�, ✓) = 0. (6)

A simple strategy for finding such stationary points is to minimize
L(x) = 1

2kv(x)k2 for x . Unfortunately, practically they found it did
not work well.

They therefore consider a modified vector field w(x):

w(x) = v(x)� �rL(x) (7)
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Consensus Optimization

In the context of two-player games:

f̃ (�, ✓) = f (�, ✓)��L(�, ✓) and g̃(�, ✓) = g(�, ✓)��L(�, ✓). (8)
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Consensus Optimization

Lemma: Assume that A 2 Rn⇥n is negative semi-definite. Let q(�)

be the maximum of |=(�)|
|<(�)| (possibly infinite) with respect to � where

� denotes the eigenvalues of A� �AT
A and <(�) and =(�) denote

their real and imaginary part respectively. Moreover, assume that A is
invertible with |Av | � ⇢|v | for ⇢ > 0 and let

c = min
v2S(Cn)

|v̄T (A+ A

T )v |
|v̄T (A� A

T )v | (9)

where S(Cn) denotes the unit sphere in Cn. Then

q(�)  1

c + 2⇢2�
. (10)

Thus, the imaginary-to-real-part-quotient can be made arbitrarily
small for an appropriate choice of �, which could lead to better
convergence properties near a local Nash-equilibrium.
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Experiments

(a) Simultaneous Gradient Ascent

(b) Consensus optimization

Figure: Comparison of Simultaneous Gradient Ascent and Consensus optimization
on a circular mixture of Gaussians. The images depict from left to right the
resulting densities of the algorithm after 0, 5000, 10000 and 20000 iterations as
well as the target density (in red).
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Experiments

(a) Discriminator loss (b) Generator loss
(c) Inception score

Figure: (a) and (b): Comparison of the generator and discriminator loss on a DC-GAN

architecture with 3 convolutional layers trained on cifar-10 for consensus optimization

(without batch-normalization) and alternating gradient ascent (with

batch-normalization). We observe that while alternating gradient ascent leads to highly

fluctuating losses, consensus optimization successfully stabilizes the training and makes

the losses almost constant during training. (c): Comparison of the inception score

over time which was computed using 6400 samples. We see that on this architecture

both methods have comparable rates of convergence and consensus optimization

achieves slightly better end results.
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Experiments

(a) cifar-10 (b) celebA

Figure: Samples generated from a model where both the generator and
discriminator are given as in DCGAN, but without batch-normalization. For
celebA, we also use a constant number of filters in each layer and add additional
RESNET-layers.
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