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Motivation

Motivation:
• Loss-function based clustering methods are excellent performance-wise.
• In loss-function based clustering methods estimating the number of
clusters is challenging.

• In loss-function based clustering methods is difficult to impose complex
distributions to mixture compoenents.

• Adding constraints to Bayesian clustering is difficult.

Proposed model: Bayesian max-margin clustering (BMC)
• Fully Bayesian specification.
• Probabilistic inference of the number of clusters.
• First extension of RegBayes to unsupervised clustering.
• Efficient MCMC.
• 2 flavors:

• Dirichlet Process Max-Margin Gaussian Mixture (DPMMGM).
• Max-Margin Clutsering Topic Model (MMCTM).
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RegBayes

Posterior inference via Bayes theorem is equivalent to solving the following
optimization problem:

infq(Θ)∈P KL(q(Θ)||p(Θ))− EΘ∼q(Θ)[log p(X|Θ)] .

where Θ are latent variables, X is a dataset, p(X|Θ) is the likelihood and P
is the space of probability distributions.

We can shape P by imposing constraints on q(Θ). If constraints are
parameterized via auxiliary (slack) variables ξ we have

infξ,q(Θ)∈P KL(q(Θ)||p(Θ))− EΘ∼q(Θ)[log p(X|Θ)] + U(ξ) .

s.t. q(Θ) ∈ P(ξ) .

where U(·) is a penalization function.

The optimal q(Θ) is called post-data posterior1.

1J. Zhu et al, 2014 (JMLR)
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Robust Bayesian Max-Margin Clustering

Assume xi ∈ Rp, ηk ∈ Rp is a latent projector for cluster k and ηk ∈ Θ.
Define the compatibility score of xi w.r.t. cluster k as

Fk(xi) = Eq(Θ)[η
>
k xi] .

For each xi, let yi ∈ Z+ be a random variable denoting a cluster assignment
for xi and yi ∈ Θ. BMC amounts to solve

infξi≥0,q(Θ) L(q(Θ)) + 2c
∑
i

ξi

s.t Fyi(xi)− Fk(xi) ≥ `I(yi 6= k)− ξi, ∀i, k ,

where

L(q(Θ)) = KL(q(Θ)||p(Θ))− EΘ∼q(Θ)[log p(X|Θ)] .
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Robust Bayesian Max-Margin Clustering

The constrained optimization problem is equivalent to

infq(Θ) L(q(Θ)) + 2c
∑
i

max(0,maxk:k 6=yiEΘ∼q(Θ)[ζik]) , (1)

where ζik := `I(yi 6= k)− (ηyi − ηk)>xi.

The objective in (1) can be upper bounded by

infq(Θ) L(q(Θ)) + 2c
∑
i

EΘ∼q(Θ)[max(0,maxk:k 6=yiζik)] . (2)

Introducing auxiliary variables si := argmaxk:k 6=yi ζik and applying
standard derivations in calculus of variations, an analytic for of the optimal
solution of (2) can be written as

q(Θ, {si}) ∝ p(Θ|X)
∏
i

exp(−2cmax(0, ζisi)) .

Furthermore

q(Θ, {si}, {λi}) ∝ p(Θ|X)
∏
i

φ̃i(λi|Θ) ,

where φ̃i(λi|Θ) := λ
−1/2
i exp(− 1

2λi
(λi + cζisi)

2).
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Robust Bayesian Max-Margin Clustering

A quick summary:
• Model parameters: Θ = {Θk,ηk, yi, }.
• Auxiliary variables: {si} and {λi}.
• Free parameters: c and `.

where Θk denotes the parameters of each mixture component.

Inference: MCMC via Gibbs sampling.
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Dirichlet Process Max-Margin Gaussian Mixture Model

Let p(X|Θ) be a Gaussian mixture model so Θk = {µk,Λk} and

µk ∼ N (µk; m, (rΛk)−1) ,

Λk ∼ IW(Λk; S, ν) ,

yi ∼ DP(α) ,

ηk ∼ N (0, vI) .

Note that p(xi|Θ) = N (xi;µyi , (rΛyi)
−1) is independent of ηk.

Note also that the post-data posterior includes ηk via φ̃i(λi|Θ).

The hyperparameters of the model now include {m, r,S, ν, α, v}.
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Figure 1: Left: Graphical model of DPMMGM. The part excluding ⌘k and v corresponds to
DPGMM. Right: Graphical model of MMCTM. The one excluding {⌘k} and the arrow between
yi and wil corresponds to CTM.

Here a convenient model of p(X,⇥) is mixture of Gaussian. Let the mean and variance of the k-th
cluster component be µk and ⇤k. In a nonparametric setting, the number of clusters is allowed to
be infinite, and the cluster yi that each data point belongs to is drawn from a Dirichlet process [10].
To summarize, the latent variables are ⇥ = {µk,⇤k,⌘k}1k=1[{yi}n

i=1. The prior p(⇥) is specified
as: µk and ⇤k employ a standard Normal-inverse Wishart prior [26]:

µk ⇠ N (µk;m, (r⇤k)�1), and ⇤k ⇠ IW(⇤k;S, ⌫). (9)
yi 2 Z+ has a Dirichlet process prior with parameter ↵. ⌘k follows a normal prior with mean 0 and
variance vI, where I is the identity matrix. The likelihood p(xi|⇥) is N (xi; µyi

, (r⇤yi
)�1), i.e.

independent of ⌘k. The max-margin constraints take effects in the model via �̃i’s in (8). Note this
model of p(⇥,X), apart from ⌘k, is effectively the Dirichlet process Gaussian mixture model [10]
(DPGMM). Therefore, we call our post-data posterior q(⇥, {si}, {�i}) in (8) as Dirichlet process
max-margin Gaussian mixture model (DPMMGM). The hyperparameters include m, r, S, ⌫, ↵, v.
Interpretation as a generalised DP mixture The formula of the augmented post-data posterior
in (8) reveals that, compared with DPGMM, each data point is associated with an additional factor
�̃i(�i|⇥). Thus we can interpret DPMMGM as a generalised DP mixture with Normal-inversed
Wishart-Normal as the base distribution, and a generalised pseudo likelihood that is proportional to

f(xi,�i|yi, µyi
,⇤yi

, {⌘k}) := N (xi; µyi
, (r⇤yi

)�1)�̃i (�i|⇥) . (10)
To summarise, DPMMGM employs the following generative process with the graphical model
shown in Fig. 1 (left):

(µk,⇤k,⌘k) ⇠ N
�
µk;m, (r⇤k)�1

�
⇥ IW (⇤k;S, ⌫) ⇥ N (⌘k; 0, vI) , k = 1, 2, · · ·

w ⇠ Stick-Breaking(↵),

yi|w ⇠ Discrete(w), i 2 [n]

(xi,�i)|yi, {µk,⇤k,⌘k} ' f(xi,�i|yi, µyi
,⇤yi

, {⌘k}). i 2 [n]

Here [n] := {1, · · · , n} is the set of integers up to n and ' means that (xi,�i) is generative from a
distribution that is proportional to f(·). Since this normalisation constant is shared by all samples
xi, there is no need to deal with it by posterior inference. Another benefit of this interpretation
is that it allows us to use existing techniques for non-conjugate DP mixtures to sample the cluster
indicators yi efficiently, and to infer the number of clusters in the data. This approach is different
from previous work on RegBayes nonparametric models where truncated approximation is used to
deal with the infinite dimensional model space [15, 18]. In contrast, our method does not rely on any
approximation. Note that DPMMGM does not need the complicated class balance constraints [6]
because the Gaussians in the pseudo likelihood would balance the clusters to some extent.

Posterior inference Posterior inference for DPMMGM can be done by efficient Gibbs sam-
pling. We integrate out the infinite dimension vector w, so the variables needed to be sampled
are {µk,⇤k,⌘k}k[{yi, si,�i}i. Conditional distributions are derived in Appendix B. Note that we
use an extension of the Reused Algorithm [27] to jointly sample (yi, si), which allows it to allocate
to empty clusters in Bayesian nonparametric setting. The time complexity is almost the same as
DPGMM except for the additional step to sample ⌘k, with cost O(p3). So it would be necessary to
put the constraints on a subspace (e.g., by projection) of the original feature space when p is high.
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Dirichlet Process Max-Margin Gaussian Mixture Model

The DPMMGM cab be seen as a DP mixture with Normal-inverse
Wishart-Normal base measure and pseudo-likelihood proportional to

f(xi, λi|yi,µyi ,Λyi , {ηk}) := N (xi;µyi , (rΛyi)
−1)φ̃i(λi|Θ) .

DPMMGM has the following generative process

(µk,Λk,ηk) ∼ N (µk; m, (rΛk)−1)× IW(Λk; S, ν)×N (η; 0, vI) ,

w ∼ SBP(α) ,

yi|w ∼ Discrete(w) ,

(xi, λi)|yi, {µk,Λk,ηk} ∼ f(xi, λi|yi,µyi ,Λyi , {ηk}) .

Posterior inference: Gibbs sampling
• Marginalize out w.
• Sample {µk,Λk,ηk} ∪ {yi, si, λi}.
• Jointly sample {yi, si} using Reused Algorithm2.
• Complexity is roughly O(κ1p

3 + κ2K
3 + κ3NK

2).
2Favaro and Teh, 2013 (Stat. Sci.)
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Max-Margin Clustering Topic Model

Extend LDA by introducing a cluster label, and define each cluster as a
mixture of topic distributions.

Let V be the size of the vocabulary, T the number of topics and K the
number of clusters. A generative model for cluster-based topic model
(CTM) is
• For each topic t, generate word distribution φt|β ∼ Dirichlet(β1V ).
• Draw a base topic distribution µ0|α1 ∼ Dirichlet(α01T ).
• For each cluster k, generate topic distribution µk|α1 ∼ Dirichlet(α1µ0).
• Draw a base cluster distribution γ|ω ∼ Dirichlet(ω1K).
• For each document i:

• Generate cluster label yi|γ ∼ Discrete(γ).
• Generate topic distribution µi|α,µyi ∼ Dirichlet(αµyi ).
• Generate word assignments zil ∼ Discrete(µi).
• Generate words wil ∼ Discrete(φzil ).

Model parameters:
Θ = {φt} ∪ {ηk,µk} ∪ {µ0,γ} ∪ {µi, yi} ∪ {zil}, for t = 1, . . . , T ,
k = 1, . . . ,K, i = 1, . . . , D and l = 1, . . . , Ni.
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Max-Margin Clustering Topic Model

Since the raw word space is high-dimensional and sparse, clustering
structure is characterized by empirical latent topic distributions, i.e.
document i is summarized as xi ∈ RT , where xti = 1

Ni

∑
l I(zil = t).

The compatibility score is again Fk(xi) = Eq(Θ)[η
>
k xi], however, xi is not

observed.

Posterior inference: Gibbs sampling
• Marginalize out {φt} ∪ {µk} ∪ {µ0,γ} ∪ {µi}.
• Sample {ηk} ∪ {yi} ∪ {zil}.

Dealing with vacuous solutions:

The problem: max-margin constraints do not interact with observed data
(words), thus making zil easily collapsing into a single cluster.

One solution: add cluster balance constraints (expensive and does not work
well in practice).

Alternative solution (semisupervised setting): assign a few documents to
their true label (landmarks).

10 / 12



Motivation RegBayes BMC DPMMGM MMCTM Experiments

Experiments: DPMMGM

Heuristic approach for model selection:

The problem: free parameters c and ` are critical but difficult to select
without training data. Besides, not feasible via Bayesian sampling because
they are not parameters from a proper Bayesian model.

Heuristic 1: assume K is known. Initialize c = ` = 0.1. At each iteration
compare inferred K with ground truth, if larger, increase c and l by u/n,
where u ∼ Uniform(0, 1) and n is the current iteration (DPMMGM).

Heuristic 2: estimate K via DPGMM, then use heuristic 1 (DPMMGM∗).

Dataset Data property NMI
n p K kmeans nCut DPGMM DPMMGM DPMMGM⇤

Glass 214 10 7 0.37±0.04 0.22±0.00 0.37±0.05 0.46±0.01 0.45±0.01

Half circle 300 2 2 0.43±0.00 1.00±0.00 0.49±0.02 0.67±0.02 0.51±0.07

Iris 150 4 3 0.72±0.08 0.61±0.00 0.73±0.00 0.73±0.00 0.73±0.00

Letter 1000 16 10 0.33±0.01 0.04±0.00 0.19±0.09 0.38±0.04 0.23±0.04

MNIST 1000 784 10 0.50±0.01 0.38±0.00 0.55±0.03 0.56±0.01 0.55±0.02

Satimage 4435 36 6 0.57±0.06 0.55±0.00 0.21±0.05 0.51±0.01 0.30±0.00

Segment’n 1000 19 7 0.52±0.03 0.34±0.00 0.23±0.09 0.61±0.05 0.52±0.10

Vehicle 846 18 4 0.10±0.00 0.14±0.00 0.02±0.02 0.14±0.00 0.05±0.00

Vowel 990 10 11 0.42±0.01 0.44±0.00 0.28±0.03 0.39±0.02 0.41±0.02

Wine 178 13 3 0.84±0.01 0.46±0.00 0.56±0.02 0.90±0.02 0.59±0.01

Table 1: Comparison for different methods on NMI scores. K: true number of clusters.

stabilises due to the stochastic decrement by u
n . We denote the model learned from this heuristic

as DPMMGM. In the case where the true number of clusters is unknown, we can still apply this
strategy, except that the number of clusters K needs to be first inferred from DPGMM. This method
is denoted as DPMMGM⇤.

Comparison. We measure the quality of clustering results by using the standard normalised mutual
information (NMI) criterion [36]. We compare our DPMMGM with the well established KMeans,
nCut and DPGMM clustering methods3. All experiments are repeated for five times with random
initialisation. The results are shown in Table 1. Clearly DPMMGM significantly outperforms other
models, achieving the best NMI scores. DPMMGM⇤, which is not informed of the true number of
clusters, still obtains reasonably high NMI scores, and outperforms the DPGMM model.

6.2 Max-margin Clustering Topic Model

Datasets. We test the MMCTM model on two document datasets: 20NEWS and Reuters-R8 . For
the 20NEWS dataset, we combine the training and test datasets used in [16], which ends up with 20
categories/clusters with roughly balanced cluster sizes. It contains 18,772 documents in total with a
vocabulary size of 61,188. The Reuters-R8 dataset is a subset of the Reuters-21578 dataset4, with of
8 categories and 7,674 documents in total. The size of different categories is biased, with the lowest
number of documents in a category being 51 while the highest being 2,292.

Comparison We choose L 2 {5, 10, 15, 20, 25} documents randomly from each category as the
landmarks, use 80% documents for training and the rest for testing. We set the number of topics
(i.e., T ) to 50, and set the Dirichlet prior in Section 5 to ! = 0.1, � = 0.01, ↵ = ↵0 = ↵1

= 10, as clustering quality is not sensitive to them. For the other hyperparameters related to the
max-margin constraints, e.g., v in the Gaussian prior for ⌘, the balance parameter c, and the cost
parameter `, instead of doing cross validation which is computationally expensive and not helpful
for our scenario with few labeled data, we simply set v = 0.1, c = 9, ` = 0.1. This is found to
be a good setting and denoted as MMCTM. To test the robustness of this setting, we vary c over
{0.1, 0.2, 0.5, 0.7, 1, 3, 5, 7, 9, 15, 30, 50} and keep v = ` = 0.1 (` and c play similar roles and so
varying one is enough). We choose the best performance out of these parameter settings, denoted
as MMCTM⇤, which can be roughly deemed as the setting for the optimal performance. We com-
pared MMCTM with state-of-the-art SVM and semi-supervised SVM (S3VM) models. They are
efficiently implemented in [37], and the related parameters are chosen by 5-fold cross validation.
As in [16], raw word frequencies are used as input features. We also compare MMCTM with a
Bayesian baseline–cluster based topic model (CTM) [29], the building block of MMCTM without
the max-margin constraints. Note we did not compare with the standard MedLDA [16] because it
is supervised. We measure the performance by cluster accuracy, which is the proportion of cor-
rectly clustered documents. To accelerate MMCTM, we simply initialise it with CTM, and find it
converges surprisingly fast in term of accuracy, e.g., usually within 30 iterations (refer to Appendix

3We additionally show some comparison with some existing max-margin clustering models in Appendix D.2
on two-cluster data because their code only deals with the case of two clusters. Our method performs best.

4Downloaded from csmining.org/index.php/r52-and-r8-of-reuters-21578.html.

7

11 / 12



Motivation RegBayes BMC DPMMGM MMCTM Experiments

Experiments: MMCTM

Datasets: 20News and Reuters-R8.

• Landmarks L ∈ {5, 10, 15, 20, 25}.
• 80/20% split for training ans testing, respectively.
• T = 50.
• Set v = 0.1, c = 9 and ` = 0.1 (MMCTM).
• Set v = ` = 0.1 and c ∈ {0.1, 0.2, 0.5, 0.7, 1, 3, 5, 7, 9, 15, 30, 50}, pick
best performance (MMCTM∗).

• Initialize MMCTM with CTM.

L CTM SVM S3VM MMCTM MMCTM⇤

20NEWS

5 17.22± 4.2 37.13± 2.9 39.36± 3.2 56.70± 1.9 57.86± 0.9

10 24.50± 4.5 46.99± 2.4 47.91± 2.8 54.92± 1.6 56.56± 1.3

15 22.76± 4.2 52.80± 1.2 52.49± 1.4 55.06± 2.7 57.80± 2.2

20 26.07± 7.2 56.10± 1.5 54.44± 2.1 56.62± 2.2 59.70± 1.4

25 27.20± 1.5 59.15± 1.4 57.45± 1.7 55.70± 2.4 61.92± 3.0

Reuters-R8

5 41.27± 16.7 78.12± 1.1 78.51± 2.3 79.18± 4.1 80.86± 2.9

10 42.63± 7.4 80.69± 1.2 79.15± 1.2 80.04± 5.3 83.48± 1.0

15 39.67± 9.9 83.25± 1.7 81.87± 0.8 85.48± 2.1 86.86± 2.5

20 58.24± 8.3 85.66± 1.0 73.95± 2.0 82.92± 1.7 83.82± 1.6

25 51.93± 5.9 84.95± 0.1 82.39± 1.8 86.56± 2.5 88.12± 0.5

Table 2: Clustering acc. (in %). Bold means significantly different.
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Figure 5: 2-D tSNE embedding on 20NEWS for MMCTM (left) and CTM (right). Best viewed in
color. See Appendix D.3 for the results on Reuters-R8 datasets.

D.5). The accuracies are shown in Table 2, and we can see that MMCTM outperforms other models
(also see Appendix D.4), except for SVM when L = 20 on the Reuters-R8 dataset. In addition,
MMCTM performs almost as well as using the optimal parameter setting (MMCTM⇤).

Sensitivity to the number of topics (i.e., T ). Note the above experiments simply set T = 50. To
validate the affect of T , we varied T from 10 to 100, and the corresponding accuracies are plotted
In Fig. 4 for the two datasets. In both cases, T = 50 seems to be a good parameter value.

Cluster embedding. We finally plot the clustering results by embedding them into the 2-
dimensional plane using tSNE [38]. In Fig. 5, it can be observed that compared to CTM, MMCTM
generates well separated clusters with much larger margin between clusters.

7 Conclusions
We propose a robust Bayesian max-margin clustering framework to bridge the gap between max-
margin learning and Bayesian clustering, allowing many Bayesian clustering algorithms to be di-
rectly equipped with the max-margin criterion. Posterior inference is done via two data augmenta-
tion techniques. Two models from the framework are proposed for Bayesian nonparametric max-
margin clustering and topic model based document clustering. Experimental results show our mod-
els significantly outperform existing methods with competitive clustering accuracy.
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