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Motivation
Problem:

• Finding a subset of locations evenly spaced along a manifold.
• The manifold captures low-dimensional but non-linear characteristics of
data.

Motivation:
• Learning structure of manifolds based on locality has many applications.
• Existing approaches select a subset of data to characterize the manifold,
which assumes dense sampling.

• Existing approaches require kernel evaluations on all (pairs of) data, which
can be prohibitive for large datasets.

Contributions:
• Unsupervised method for estimating locations.
• Greedy estimation of locations with repelling mechanism.
• Objective function based on active learning with Gaussian processes.
• The selection mechanism does not depend on previous label measurements.
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Active Learning

Assume we have data:
• Dn={(x1, y1), ..., (xn, yn)}, where (location,response) and x ∈ Rd.
• We also have a set D = {x} without responses.

Active learning goal: pick xn+1 ∈ D such that yn+1 yields the greatest
information gain, according to some measure.

In a Gaussian process regression setting, y ∈ R and xn+1 is selected so the
uncertainty about yn+1 is the greatest.

For y = [y(x1), . . . , y(xn)]> let

y ∼ N (m,K) , (1)

where mi = m(xi) and Kij = k(xi, xj) (m(·) = 0 in the paper).
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Active Learning

For Dn with associated Kn, we have

y(x)|y ∼ N (ξ(x),Σ(x)) ,

ξ(x) = k(x,Dn)K−1
n y ,

Σ(x) = k(x, x)− k(x,Dn)K−1
n k(x,Dn)> ,

where k(x,Dn) = [k(x, x1), . . . , k(x, xn)].

Pick x ∈ D for measuring y by maximizing uncertainty, i.e.,

xn+1 = argmax
x∈D

k(x, x)− k(x,Dn)K−1
m k(x,Dn)> . (2)

Objective properties:
• Does not depend on y.
• The sequence x1, x2, x3, ... is selected such that the space of x is explored
efficiently (repelling behavior).
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Landmarking with GP

Drawbacks of active learning approach:
• Landmarks correspond to data points:

• If d is large, data is hardly densely sampled.
• We may want landmarks to be local averages.

• The kernel has to be evaluated at every datapoint of D.

LetM be a manifold (often low-dimensional) in some ambient space S, not
necessarily Rd. Let:

• µ and N are distributions on S.
• µ is constrained toM.
• N is a zero-mean (small) noise process.

• Assume x = x̂+ ε ∈ S, where x̂ iid∼ µ and ε iid∼ N .
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Landmarking with GP

Define the kernel function as

k(t, t′) =

∫
x̂∈S

φx̂(t)φx̂(t′)dµ(x̂) , (3)

where φx̂(t) = exp(−‖t− x̂‖2/η).

Note that µ has supportM, thus the integral is effectively overM.

Since µ is unknown (as well as x̂), we can use a plug-in estimator:

k(t, t′) ≈ 1

N

N∑
i=1

φxi(t)φxi(t
′) :=

1

N
~φ(t)>~φ(t′) , (4)

where xi ∈ D and ~φ(t) = [φx1(t), . . . , φxN (t)]>.
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Landmarking with GP

Given n selected landmarks Tn = {t1, . . . , tn} from S, Kn is defined as k(t, t′)
using Tn, thus

tn+1 = argmax
x∈S

k(t, t)− k(t, Tn)K−1
n k(x, Tn)> . (5)

Since k(t, t′) is not available, define Φ = [~φ(t1), . . . , ~φ(tn)], then

tn+1 ≈ argmax
x∈S

~φ(t)>~φ(t)− ~φ(t)>Φ(Φ>Φ)−1Φ>~φ(t) . (6)

Notes:
• tn+1 is selected so that ~φ(t) extends the greatest euclidean distance into the
space defined by Φ.

• tn+1 should be close to many x ∈ D but ideally tn+1 /∈ D.
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Stochastic algorithm for landmarking

Idea: sequentially find t1, t2, ... close toM.

Challenges:
• The approximate objective does not have closed-form solution.
• N may be too large to build ~φ(t).

Approach: Stochastic gradient algorithm.

For tn+1, rewrite objective as

fn(t,D) =
N∑
i=1

N∑
j=1

Mijφxi(t)φxj (t) , (7)

Mij = δij − (Φ(Φ>Φ)−1Φ>)ij . (8)

Use a simple projected gradient method to maximize fn, iterating:

γ = t
(s)
n+1 + ρs∇tfn(t,D)|tn+1 , t

(s+1)
n+1 = ProjS(γ) , (9)

where ρs is the step-size and ProjS(γ) projects γ into S ⊂ Rd.
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Stochastic algorithm for landmarking

When φx(t) = exp(−‖t− x‖2/η), the gradient

∇tfn(t,D) = −
N∑
i=1

N∑
j=1

4Mij

η

[
t− xi + xj

2

]
φxi(t)φxj (t) . (10)

Notes:
• Symmetry allows computing ∇tfn(t,D) efficiently.
• The algorithm converges to a local optimal solution.
• For a large dataset, computing ~φ(t) can be prohibitive, thus use random
subset Bs ⊂ D.

• To ensure convergence,
∑
s |ρs| =∞ and

∑
s |ρs| <∞, ρs = (s0 + s)−τ ,

with s0 = 10 and τ = 0.51.
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Stochastic algorithm for landmarking
Landmarking Manifolds with Gaussian Processes

Algorithm 1 Manifold landmarking with GPs

1: To find landmark tn+1 given t1, . . . , tn, initialize t
(1)
n+1

and do the following:
2: for s = 1, . . . S do
3: Randomly subsample a set Bs of observations x 2 D.
4: For each tk, construct ~�s(tk) using x 2 Bs and the

function �x(tk) = exp(�kx � tkk2/⌘).
5: Define the matrix � = [~�s(t1), . . . , ~�s(tn)] and set

M = I � �(�T�)�1�T .
6: Let fn(t, Bs) =

P
xi,xj2Bs

Mij�xi
(t)�xj

(t).

7: Calculate � = t
(s)
n+1 + ⇢srtfn(t, Bs)|t(s)

n+1
using

Equation (10) and step size ⇢s.
8: Project � onto S ✓ Rd to obtain t

(s+1)
n+1 .

9: end for

projected gradient method (Bertsekas, 1999) for maximiz-
ing fn is to iterate between the following two steps:

� = t
(s)
n+1 +⇢srtfn(t, D)|tn+1 , t

(s+1)
n+1 = ProjS(�), (9)

where ⇢s is a step size and ProjS(·) is the projection onto
the feasible set S ⇢ Rd. (When S = Rd, this step is unnec-
essary.) For the non-convex objective in Equation (8), this
procedure will converge to a local optimal solution.

When �x(t) = exp(�kt � xk2/⌘), the gradient of fn is

rtfn = �
NX

i=1

NX

j=1

4Mij

⌘


t � xi + xj

2

�
�xi

(t)�xj
(t).

(10)
We observe that symmetry can be exploited to efficiently
calculate this vector in practice.

The more data that is available, the better defined the sam-
pled manifold M will be, which will help learn better
landmarks. However, when the number of observations is
very large, calculating the vectors ~�(t) can be prohibitively
slow. The final step of our algorithm is to perform stochas-
tic gradient optimization of fn(t, D) by randomly subsam-
pling a subset of points Bs ⇢ D at step s and approxi-
mating the gradient of fn.1 To ensure convergence, we use
step sizes such that

P
s |⇢s| = 1,

P
s ⇢

2
s < 1 (Robbins

& Monro, 1951). We summarize the final algorithm for
manifold landmarking in Algorithm 1.

5. Experiments
We evaluate our manifold landmarking algorithm on im-
ages, text and music data. For images, we consider the data
as lying near a manifold in the ambient space S = Rd

+.

1We observe that the original gradient is stochastic as well by
approximating M with a noise-corrupted x̂ ⇠i.i.d. µ.

Figure 2. The first eight landmarks from the Yale faces dataset.

For the music and text problems, the data consists of vec-
tors that lie on the intersection of the unit sphere with the
positive orthant, which is a result of the data processing dis-
cussed later. For both of these problems our projection onto
S is made accordingly. For all problems we use a step size
of ⇢s = (s0 + s)�⌧ with s0 = 10 and ⌧ = 0.51. The algo-
rithm was robust to changes in these values. We take 1000
steps for each landmark and use batch size |Bs| = 1000 un-
less noted otherwise. We set the kernel width ⌘ =

P
i �̂

2
i ,

where �̂2
i is an empirical approximation of the variance of

the ith dimension of the data. To initialize each landmark,
we draw from a Gaussian with the empirical mean and di-
agonal covariance of the data.

5.1. Qualitative evaluation

We evaluate our method qualitatively on two face datasets.
In Figure 2 we show the first eight landmarks using 2,475
images of size 42 ⇥ 48 from the Yale faces database2. The
dataset contains 165 images of various illuminations for
15 people. We see that the first eight landmarks capture
various illuminations of an average face that doesn’t corre-
spond to any single person in the dataset.

We also consider the larger PIE faces dataset, consisting of
11,554 images of size 64 ⇥ 64 across 68 people with var-
ious illuminations and frontal poses. In Figure 3 we show
a 2D embedding of 1,000 randomly selected images from
the dataset, along with the first twenty landmarks learned
from the full dataset, using the t-SNE algorithm (Van der
Maaten & Hinton, 2008). It is evident that the landmarks
effectively explore the space where the data resides. We
also show the five closest faces to some of the landmarks.
We again see averages of various genders and ethnicities
for different poses and illuminations.

We show running times for the PIE data in Figure 4(a) for
32 ⇥ 32 and 64 ⇥ 64 images. We see that the time to learn
a new landmark increases as the number of existing land-
marks increases, due to the larger size of the matrix inver-
sions and products in Equation (10). We also observe that

2http://www.cad.zju.edu.cn/home/dengcai/
Data/FaceData.html
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Experiments

Settings:
• For images, S = Rd+.
• For music and text, intersection of the unit sphere with positive orthant.
• 1,000 iterations per landmark.
• Batch size, |Bs| = 1, 000.
• Kernel width, η =

∑
i σ̂

2
i , where σ̂2

i empirical approximation of variance for
i-th dimension.

• Initialize from Gaussian with empirical mean and diagonal covariance,
obtained form data.
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Experiments

PIE faces:
• 11,554 images of size 64×64.
• 68 people with different illuminations and frontal poses.
• Use t-SNE to get a 2D embedding of 1,000 randomly selected images + 20
landmarks. Landmarking Manifolds with Gaussian Processes
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Figure 3. A 2D embedding of 1,000 randomly selected images from the PIE faces dataset (black dots), along with the first twenty
landmarks (numbered red dots), using t-SNE algorithm (Van der Maaten & Hinton, 2008). For some of the landmarks, we also show the
closest five faces. The landmarks locally average along the manifold (see later quantitative comparison with k-means).

as the dimensionality increases, the running time increases.
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(a) Runtime for PIE
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(b) Runtime for New York Times

Figure 4. The running time for (a) PIE as a function of landmark
number and image size and batch size |Bs| = 1000; (b) the New
York Times dataset. Learning speed is comparable to scalable
topic models such as online LDA (Hoffman et al., 2013).

We also consider a corpus of roughly 1.8 million docu-
ments from the New York Times, as well as the 20 News-
group data set. For this data, we set each data point xd near
the manifold to be the square root of the normalized word
histogram constructed using a vocabulary size of 8000 and
1545, respectively. That is, if wdn is the index of the nth
word in the dth document and document d has nd total
words, then we set

xd(j) =

sP
n 1(wdn = j)

nd
. (11)

Each landmark t is also restricted to lie in this same space.
The function �x(t) therefore uses the Hellinger distance to
measure closeness between a landmark and a document.

We can naturally interpret the square of the elements of t as
a topic comparable to those learned by topic models. The
meaning of a landmark can then be interpreted by showing
the “most probable” words in the standard way. In Table
1 we show the top words for the first 11 landmarks of the
New York Times and the first 12 landmarks of 20 News-
group. As is clear, these landmarks correspond to themat-
ically meaningful concepts such as “sports”, “food”, and
“politics”. In Figure 4(b) we show the running time per
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Experiments

New York times (1.8M, 8K vocabulary) and 20 News (18K, 1.5K vocabulary).

For observation wdn, n-th word in d-th document with nd total words, set

xd(j) =

√∑
n 1(wdn = j)

nd
. (11)

Each landmark, t, lies in the same space, thus φx(t) uses Hellinger distance and
t2 can be interpreted as a topic.

Landmarking Manifolds with Gaussian Processes

Table 1. (top) The “most probable” words for the first 11 landmarks learned on the 1.8 million document New York Times dataset.
(bottom) The first 12 landmarks from the 20 Newsgroup dataset.

t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11

percent inc beloved street treasury republican minutes mrs game percent film
going net notice sunday bills house add daughter season market life

national share paid music rate bush oil graduated team stock man
public reports deaths avenue bonds senate salt married games billion story

life earns wife theater bond political cup son play yesterday book
ago qtr loving art notes government pepper father second prices movie

house earnings mother museum municipal democrats tblspoon yesterday left quarter love

t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12

good windows team turkish encryption god ftp car israel nasa scsi gun
make dos game turks key jesus file good israeli gov drive guns

ve card year armenia technology bible pub cars jews space ide weapons
work mb games soviet government christ mail price arab long mb crime
back system season today chip christians program buy state orbit hard control

landmark on New York Times for several different batch
sizes on a laptop computer. As is to be expected, the time
increases as batch size increases, but all experiments can be
performed within a few hours on a single computer, which
is comparable to scalable topic models such as online LDA
(Hoffman et al., 2013).

5.2. MNIST classification with landmarks

One major distinction between our proposed method and
active learning with Gaussian processes as described in
Section 2 is that we allow the landmarks to move along
the continuous ambient space S. From the low-dimensional
toy examples in Figure 1, the advantage appears small be-
cause the data is dense on the manifold. In the next ex-
periment, we quantitatively evaluate the landmarks learned
from high-dimensional image data.

We consider the handwritten digit classification problem
on the MNIST dataset (LeCun et al., 1998), and use a
low-dimensional representation from different landmark
approaches to evaluate their performance.3 Given n se-
lected landmarks Tn = {t1, . . . , tn}, we compute the
n-dimensional landmark-based feature for the image xd

as ~w(xd) = [�t1(xd), . . . ,�tn
(xd)]

T where again we
use �tk

(xd) = exp(�ktk � xdk2/⌘). We perform `2-
regularized logistic regression for classification. We use
50,000 images for training to learn both the landmarks and
to train the classifier. We use 10,000 images as a val-
idation set to select the regularization parameter among
� = {0.001, 0.01, . . . , 1000}, and another 10,000 images
for classification testing.

3This is intended to quantitatively compare methods in the
same “domain”, and not argue for our approach as a state-of-the-
art dimensionality reduction technique.
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Figure 5. Test accuracy on MNIST with different landmark-
derived features.

In addition to our landmarking approach, we consider two
other approaches for obtaining landmarks, Tn:

1. Random selection: This serves as a baseline. We sim-
ply randomly select n data points as the landmarks.

2. Active learning: The landmarks are selected using
Equation (3). However, since this requires construct-
ing the kernel matrix, which cannot be entirely read
into memory even for moderate-sized datasets, we
first subsample the digits and select landmarks from
within this group using active learning. Here we re-
port results on a 5,000-image subset. (We note the
results are similar with other subsample sizes.)

We show the test accuracy as a function of the number of
landmarks for our manifold landmarking algorithm (ML),
random selection (Rand), and active learning (Act5K) in
Figure 5. Not surprisingly, randomly landmarking does the
worst. On the other hand, our proposed method is consis-
tently better than active learning, which indicates that in the
high-dimensional ambient space, we benefit from allowing
landmarks to fall on the continuous manifold between data
points rather than correspond to exactly one of them.
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Experiments

Landmarking Manifolds with Gaussian Processes
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Figure 3. A 2D embedding of 1,000 randomly selected images from the PIE faces dataset (black dots), along with the first twenty
landmarks (numbered red dots), using t-SNE algorithm (Van der Maaten & Hinton, 2008). For some of the landmarks, we also show the
closest five faces. The landmarks locally average along the manifold (see later quantitative comparison with k-means).

as the dimensionality increases, the running time increases.
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(b) Runtime for New York Times

Figure 4. The running time for (a) PIE as a function of landmark
number and image size and batch size |Bs| = 1000; (b) the New
York Times dataset. Learning speed is comparable to scalable
topic models such as online LDA (Hoffman et al., 2013).

We also consider a corpus of roughly 1.8 million docu-
ments from the New York Times, as well as the 20 News-
group data set. For this data, we set each data point xd near
the manifold to be the square root of the normalized word
histogram constructed using a vocabulary size of 8000 and
1545, respectively. That is, if wdn is the index of the nth
word in the dth document and document d has nd total
words, then we set

xd(j) =

sP
n 1(wdn = j)

nd
. (11)

Each landmark t is also restricted to lie in this same space.
The function �x(t) therefore uses the Hellinger distance to
measure closeness between a landmark and a document.

We can naturally interpret the square of the elements of t as
a topic comparable to those learned by topic models. The
meaning of a landmark can then be interpreted by showing
the “most probable” words in the standard way. In Table
1 we show the top words for the first 11 landmarks of the
New York Times and the first 12 landmarks of 20 News-
group. As is clear, these landmarks correspond to themat-
ically meaningful concepts such as “sports”, “food”, and
“politics”. In Figure 4(b) we show the running time per
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Experiments

MNIST (60K images):
• Use 50K images to estimate landmarks.
• Fit `2-regularized logistic regression using landmarks.
• Select regularization parameter using 10K images.
• 10K images for testing.
• Compare to: random selection and active learning (uses 5K subset).

Landmarking Manifolds with Gaussian Processes

Table 1. (top) The “most probable” words for the first 11 landmarks learned on the 1.8 million document New York Times dataset.
(bottom) The first 12 landmarks from the 20 Newsgroup dataset.
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landmark on New York Times for several different batch
sizes on a laptop computer. As is to be expected, the time
increases as batch size increases, but all experiments can be
performed within a few hours on a single computer, which
is comparable to scalable topic models such as online LDA
(Hoffman et al., 2013).

5.2. MNIST classification with landmarks

One major distinction between our proposed method and
active learning with Gaussian processes as described in
Section 2 is that we allow the landmarks to move along
the continuous ambient space S. From the low-dimensional
toy examples in Figure 1, the advantage appears small be-
cause the data is dense on the manifold. In the next ex-
periment, we quantitatively evaluate the landmarks learned
from high-dimensional image data.

We consider the handwritten digit classification problem
on the MNIST dataset (LeCun et al., 1998), and use a
low-dimensional representation from different landmark
approaches to evaluate their performance.3 Given n se-
lected landmarks Tn = {t1, . . . , tn}, we compute the
n-dimensional landmark-based feature for the image xd

as ~w(xd) = [�t1(xd), . . . ,�tn
(xd)]

T where again we
use �tk

(xd) = exp(�ktk � xdk2/⌘). We perform `2-
regularized logistic regression for classification. We use
50,000 images for training to learn both the landmarks and
to train the classifier. We use 10,000 images as a val-
idation set to select the regularization parameter among
� = {0.001, 0.01, . . . , 1000}, and another 10,000 images
for classification testing.

3This is intended to quantitatively compare methods in the
same “domain”, and not argue for our approach as a state-of-the-
art dimensionality reduction technique.
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Figure 5. Test accuracy on MNIST with different landmark-
derived features.

In addition to our landmarking approach, we consider two
other approaches for obtaining landmarks, Tn:

1. Random selection: This serves as a baseline. We sim-
ply randomly select n data points as the landmarks.

2. Active learning: The landmarks are selected using
Equation (3). However, since this requires construct-
ing the kernel matrix, which cannot be entirely read
into memory even for moderate-sized datasets, we
first subsample the digits and select landmarks from
within this group using active learning. Here we re-
port results on a 5,000-image subset. (We note the
results are similar with other subsample sizes.)

We show the test accuracy as a function of the number of
landmarks for our manifold landmarking algorithm (ML),
random selection (Rand), and active learning (Act5K) in
Figure 5. Not surprisingly, randomly landmarking does the
worst. On the other hand, our proposed method is consis-
tently better than active learning, which indicates that in the
high-dimensional ambient space, we benefit from allowing
landmarks to fall on the continuous manifold between data
points rather than correspond to exactly one of them.
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