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Background



From Point to Interval Estimates of Causal Effect

Motivations for interval estimates of causal effects (CE)

• Presence of unobserved confounders

• In data-scarce regions point estimates are unreliable

• e.g., “potential outcomes are complex functions that are difficult to estimate

accurately using small samples.”

• In sensitive applications knowledge of uncertainty is required for decision making

• In healthcare, policy making huge loss can be potentially incurred by wrong actions

• Sufficient evidence and confidence are required, for instance, FDA drug approval
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Existing Solutions Constructing Confidence Intervals

• Bootstrapping or Jackknife: Causal Forest, X -learner

• Bayesian credible intervals: BART

• Constrained optimization: utility maximizing bounds, marginal sensitivity model

• Quantile regression and conformal analysis

This presentation discusses Utility Maximizing Bounds

• M Makar, F Johansson, J Guttag and D Sontag. Estimation of Utility-Maximizing

Bounds on Potential Outcomes. ICML 2020.
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Utility Maximizing Bounds



Utility Maximizing Bounds [Sontag, ICML 2020]

• Main goal: (With high-probability) estimate the upper / lower bounds of the

potential outcome functions {µt(x), µ
t
(x)}

• Auxiliary goal: To avoid degenerated solutions (µ =∞, µ = −∞), the estimated

bounds should also maximize some utility, e.g., sharp gap minµ(x)− µ(x)

Definition (False coverage rate (FCR))

For some small δ > 0 and t ∈ {0, 1},

FCRf t , PX ,Y (t)

[
Y (t) /∈ [f tl (X ), f tu (X )]

]
≤ δ (1)
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Utility Maximizing Bounds (Concepts and Definitions)

• Without loss of generality, we consider a lower bound under treatment f 1l (x)

• Define the signed residual for any function f as r f (x , y) = y − f (x)

• FCR means P(r f 1l (X ,Y (1)) ≥ 0) ≥ 1− δ, identifiable from data

• Introducing a buffer margin γ for additional confidence r f 1l
(X ,Y (1)) ≥ γ

• Larger values of γ imply higher confidence that a violation is unlikelys

• The re-weighted risk is given by

Rw
fl

(γ) = EX ,Y |T [w(x)1{r f (x ,y)<γ}] (2)

• Re-weighting w(x) = p(t)/et(x) targets p(x) not p(x |t)

• A related quantity is the margin violation

Dw ({xi , yi}, fl , γ) ,
∑
i

w(xi ) max{0, γ − r f (xi , yi )} (3)
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Utility Maximizing Bounds (Concepts and Definitions)

• Goal: Bound the risk of overestimating Y (1) wrt full distribution p(X )

• Define Ct = supx wt , supx wt = supx
p(T=t)
ηt(x)

= 2D∞(p‖pt)

• Dk(p ‖ q) is the k-th order Rényi divergence

• dk , 2Dk (p‖pt), and dk−1 ≤ dk ⇒ d2 ≤ Ct

• Denote Zt = {(xi , yi )}ti=t ,

• N (γ,F) be the covering number of F
• The cardinality of the minimal size covering set U such that any element in F is

within γ radius to some element in U
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Utility Maximizing Bounds (Theories)

Lemma
Let γ > 0 and suppose that f 1l ∈ F satisfies r f 1l

(X ,Y (1)) ≥ γ∀x , y ∈ Z1. Then with

probability at least 1− δ, we have that,

Rw
fl

(γ) ≤
4C1(logN (γ,F , 2n1) + log 1

δ )

3n1
+

√
8d2(p ‖ p1)(logN (γ,F , 2n1) + log 1

δ )

n1
(4)

Remark

• If there exist a function s.t. ALL signed residuals exceed γ, then the risk wrt p(x)

depends on the γ-covering number

• Trade-offs: larger γ ⇔ simpler F
• Similar generalization bound Rτl ≤

∑
t Bt for ITE τl = f 1l − f 0u

• Bt is the RHS of above equation
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Utility Maximizing Bounds (Theories)

Theorem
Let γ > 0 and suppose that f 1l ∈ F , where F is the class of real valued functions with

range [a, b]. Then with probability 1− δ, for some kt(F ,Dw ({xi , yi}, fl , γ),C1) defined

below, we have

Rw
fl

(γ) ≤
4C1(k1 + log 1

δ )

3n1
+

√
8d2(p ‖ p1)(log k1 + log 1

δ )

n1
(5)

where

kt ,

⌈
logN (γ/2,F , 2nt) +

64(b − a)Dw

γ2
+ log

(
entγ

8Dw

)
log

(
32nt(b − a)

γ2

)⌉
(6)

Remarks

• This allows violation on the training set

• Simpler function class, more confidence

• γ larger, then what? (seems to be some inconsistencies in the manuscript we read)
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Utility Maximizing Bounds (Estimation)

Bounded Potential outcomes algorithm (BP)

• Goal: Learning high-utility bounds on potential outcomes under the constraint

that they are violated with low probability

minf=(fu ,fl ) Utility(f)

subject to FCRf ≤ required FCR
(7)

• Utility: heuristically, the “sharpness” of the bound

• [−∞,∞] is a high-confidence bound but with zero utility

• One seeks to minimize the interval width IW = fu − fl of the bound
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Utility Maximizing Bounds (Estimation)

• The estimation procedure described is detached a bit from their main theory

• Optimizing the utility under margin violation constraints

minfu ,fl U(f ) + αΛ(f )

subj to
∑

ti=t D
w (xi , yi , fl , γ) ≤ βl∑

ti=t −Dw (xi , yi , fu, γ) ≤ βu
fl(xi ) ≤ fu(xi )∀ti = t

(8)

• Λ(f ) is the complexity regularization

• Choice of utility functions U(f ): Lp ⇒ |fu(x)− fl(x)|p (p = 1, 2,∞)

• Coupled estimation: combining data from both treatment groups

• The authors also proved equivalence to quantile regression

• For L1 utility there exists βl,u that recovers quantile regression solution for any q

• Restricted procedures (ad-hoc ): two-stage procedures for controlling the FCR
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Utility Maximizing Bounds (Experiments)

Competing solutions

• Utility maximizing bounds: Linear BP + {L1, L2, L∞}× { coupled (D), decoupled (D) }
• Restricted bounds: kernel ridge-regression, Gaussian process

• determine a scaling factor to rescale “variance” estimates for FCR control

• Data: semi-synthetic IST and ACIC
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Utility Maximizing Bounds (Experiments)

Table 1: ACIC results showing performance at required FCR = 0.05 (left panel), and FCR
= 0.1 (right). The unweighted version of our model, UBP-L2 (C), achieves the lowest mean
interval width without violating the required FCR. Constrained and restricted models which
constrain the complexity of the functions based on the required FCR outperform unrestricted
model, which have the highest FCR violation.

Req. FCR = 0.05 Req. FCR = 0.10
Ach. FCR Mean IW Ach. FCR Mean IW

Constrained models
BP-L2 (C) 0.06 (0.03) 32.7 (5.18) 0.12 (0.04) 25.6 (3.84)
UBP-L2 (C) 0.05 (0.01) 33.7 (4.79) 0.09 (0.02) 26.1 (3.05)
UBP-L2 (D) 0.05 (0.02) 35.1 (4.89) 0.1 (0.03) 27.4 (3.01)
QR 0.05 (0.02) 45.5 (9.47) 0.09 (0.02) 32.6 (5.0)

Restricted models
GP (res) 0.06 (0.02) 34.8 (5.57) 0.15 (0.05) 26.4 (4.2)
KR (res) 0.04 (0.02) 38.2 (4.94) 0.09 (0.03) 29.4 (3.25)

Unrestricted models
GP (unres) 0.27 (0.24) 22.2 (11.94) 0.33 (0.24) 17.9 (9.17)
KR (unres) 0.17 (0.13) 24.8 (7.67) 0.25 (0.14) 19.3 (5.62)

points for the training/validation set and 800 for our test set. We use an RBF kernel for all
the models, and pick the bandwidth via cross-validation as outlined in the supplement. For
all models, we found that the unweighted versions tend to outperform the weighted ones, so
we present results from the unweighted models, UBP-L2 (C/D), and one weighted model,
BP-L2. We measure the performance of the models at required FCR = { 0.05, 0.1, 0.15,
0.2 }. Due to space limitation, we present the results from required FCRs = {0.05, 0.1} in
table 1, and the rest are shown in the supplement.

Table 1 shows the achieved FCR, the mean IW for our model and baselines averaged over
20 simulations. Models which achieve the lowest mean IW without violating the required
FCR are in bold. Constrained and restricted models largely outperform the unrestricted
models with respect to violations to the required FCR. This confirms our theoretical findings:
models that restrict the complexity of the learned functions based on the required FCR
perform better in finite samples. In addition, the mean IWs for all the models decrease as
the FCR rate increases. This too confirms our theoretical findings that a trade-off between
confidence that the bounds cover the potential outcomes and complexity of the function
class; lower required FCRs (i.e., higher confidence that the bounds cover the true date) are
associated with simpler function classes, which sacrifices accuracy, leading to higher mean
IW. Finally, the table shows that UBP-L2 (C) outperforms baselines, achieving a lower mean
IW at every FCR. While BP-L2 gives estimates with low mean IW, the variance of the
achieved FCR and the mean IW is higher than that of it’s unweighted counterpart, as is
typical for models that rely on inverse weighting.
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Figure 1: Utility and FCR control on ACIC.

Limitations

• These bounds seem excessively loose (perhaps not particularly useful)

• Violations observed in data-scare regions (in violation of the motivation)

• Subjective tuning, and not applied to ITE
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