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Abstract

We consider modeling spatio-temporally indexed relational data, motivated
by analysis of voting data for the United States House of Representatives
over two decades. The data are characterized by incomplete binary matrices,
representing votes of legislators on legislation over time. The spatial covari-
ates correspond to the location of a legislator’s district, and time corresponds
to the year of a vote. We seek to infer latent features associated with legis-
lators and legislation, incorporating spatio-temporal structure. A model of
such data must impose a flexible representation of the space-time structure,
since the apportionment of House seats and the total number of legislators
change over time. There are 435 congressional districts, with one legislator
at a time for each district; however, the total number of legislators typically
changes from year to year, for example due to deaths. A matrix kernel stick-
breaking process (MKSBP) is proposed, with the model employed within a
probit-regression construction. Theoretical properties of the model are dis-
cussed and posterior inference is developed using Markov chain Monte Carlo
methods. Advantages over benchmark models are shown in terms of vote
prediction and treatment of missing data. Marked improvements in results
are observed based on leveraging spatial (geographical) information.

Keywords: Bayesian nonparametrics, Gaussian process, kernel stick
breaking process, probit model, spatio-temporal process

1. Introduction

The analysis of data with space-time dependencies is of interest in many
applications. For example, one may be interested in modeling geospatial de-
mographic data as it evolves with time, or in analyzing time-evolving weather
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patterns across the globe. In the motivating application of this paper, we
consider time-dependent voting patterns of legislators, where the spatial co-
ordinate corresponds to the location of the congressional district and time
represents the year of the vote. Specifically, we consider binary vote matrices
from the United States House of Representatives, corresponding to the period
1989–2008 (101th-110th US Congress). The data are publicly available from
The Library of Congress http://thomas.loc.gov and from www.govtrack.us.
Each binary matrix, Bt ∈ {0, 1}Nt×Lt , is manifested by mapping all “yes”
votes to one and “no” votes to zero. Here, t denotes the time index (year), Lt
denotes the number of pieces of legislation in year t, and Nt denotes the num-
bers of legislators in year t (the total number of legislators at any time is fixed
by law at 435, but the particular people who serve as legislators may change
slightly within a given year, with the departure – e.g., death – and arrival of
a small subset of legislators). Some relevant features of the voting data are:
(i) they consist of a set of incomplete binary matrices, with approximately
5% missing data in a given year; (ii) the number of pieces of legislation,
Lt, varies between 444 (102th Congress, 1992) and 1186 (110th Congress,
2007); and (iii) the apportionment of House seats changes over time, as a
function of changes in the population density (the total number of House
districts is constant, but the geographical distribution of districts changes
with time). Areas that have a low population density have geographically
large congressional districts and areas that have a high population density
have geographically small congressional districts.

In the political science literature, a number of frequentist statistical mod-
els for roll call data analysis have been proposed (Poole and Rosenthal, 1997;
Heckman and Snyder, 1997; Jackman, 2001). Later, Clinton et al. (2004)
developed a Bayesian procedure for analysis of voting data via a one-factor
probit model and, more recently, Wang et al. (2010) proposed a related model
for the joint analysis of time-evolving voting matrices. Both approaches do
not take advantage of the spatial information inherent in the data. In this pa-
per, we seek to infer latent features associated with legislators and legislation
through the analysis of spatio-temporal structure.

Considering the features of the data, a flexible spatio-temporal correlation
structure must be imposed to identify nonstationary structures, i.e. covari-
ances that change over space and time. In order to examine and illustrate
spatial nonstationarity, we divided the U.S. House district map in four big
contiguous areas. Figure 1, the left panel, shows a division on the 110th

Congressional district map; the same division was considered for the other
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sessions. Across the time period considered, Areas 1, 2, 3 and 4 have on
average 95, 106, 154 and 77 districts, respectively. Note that Areas 3 and
4 (eastern part of the country) have a high population density and we can
expect higher spatial correlation, particularly in the northeastern part (Area
3). For each area we fitted the voting data using a modeling framework
similar to that in Clinton et al. (2004) but incorporating spatial structure
into the unique factor associated to legislators. Specifically, we consider
a spatial Gaussian process with exponential correlation function given by
ρ(d) = exp{−d/φ} and variance τ (d is the Euclidean distance between the
center of two congressional districts). Figure 1, last three panels, shows the
estimated posterior covariance as a function of Euclidean distance (in kms),
for the four areas and for three different sessions (corresponding to the years
2004, 2006 and 2008). Note that the covariances are different across time
and for each area, suggesting a nonstationary spatio-temporal specification
for the data.

Motivated by the wide class of interesting applications, spatial and spatio-
temporal interactions have been studied in many ways, in a parametric and
nonparametric manner (Duan et al., 2007; Figueiredo et al., 2006; Gelfand
et al., 2007, 2005b; Griffin and Steel, 2006; Reich and Fuentes, 2007; Ro-
driguez et al., 2010). One of the most common strategies is to include spa-
tial and temporal dependences separately through underlying features (or
factors) (Lopes et al., 2008; Luttinen and Ilin, 2009). However, in many
applications the assumption of separability of the total correlation structure
may be an over-simplification. Spatial (and also temporal) features are often
modeled via Gaussian processes (GPs). However, assuming a common GP for
the spatial/temporal region of interest may be too restrictive for some phe-
nomena for which the correlation length is nonstationary. This nonstationary
characteristic is of relevance for our motivating example, as the spatial corre-
lation length is expected to be smaller in regions of high population density
(e.g., the northeastern part of the United States), as compared to extended
regions of modest population (the midwest portion of the United States) for
which the correlation length is expected to be larger.

There is a rich literature on nonstationary spatio-temporal models. Some
approaches based on dynamic and hierarchical modeling are Wikle et al.
(1998), Stroud et al. (2001) and Gelfand et al. (2005a). Other ways to remove
the stationary assumption include spatially varying kernel convolution as
given by Higdon (1998) and Higdon et al. (1999), as well as convolving a
fixed kernel over independent stationary processes with different covariance
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Figure 1: Left panel: 110th Congressional Districts map divided in four areas, each of
them represented by different colors. Last three panels: Estimated exponential spatial
covariance as a function of Euclidean distance, for the four areas and for the 108th (2nd

Session, 2004), 109th (2nd Session, 2006) and 110th (2nd Session, 2008) U.S. Congress. In
the second panel, the covariance function for Areas 2 and 4 is the same.

parameters (Fuentes, 2001). These approaches (in general within the setting
of GPs) are fully parametric with predefined kernels empirically chosen from
a pool of parametric kernel functions. In addition, the spatial deformation
approach of Sampson and Guttorp (1992) is another alternative to achieve
nonstationarity. This method is based on mapping the original input space to
a new conceptual deformed space in which the process is assumed stationary.
A Bayesian version of this idea can be found in Damian et al. (2001) and
Schmidt and O’Hagan (2003). However, a limitation of the deformation
approach is the need for replication to obtain a sample covariance matrix.

In contrast with the previous mentioned approaches, we are interested
in developing a nonparametric model for spatio-temporal processes, flexible
enough to explain the complex structure of the data where the resulting
process is nonstationary in space and time. We seek development of a model
that can efficiently borrow information across space and time simultaneously,
while allowing variable correlation lengths in both dimensions. So motivated,
we develop a new matrix kernel stick breaking process (MKSBP) to flexibly
model space-time data, or any data with two covariates of this form; the
model may also readily be extended to tensor data. The proposed model
employs techniques from the matrix stick-breaking process (MSBP) (Dunson
et al., 2008; Xue et al., 2007) and from the kernel stick-breaking process
(KSBP) (Dunson and Park, 2008), but the model is distinct from both. In
the specific application considered, the space-time-evolving latent features
of legislators are coupled with latent features of legislation, with the latter
features also inferred; the dimensionality of these features is inferred, and the
features are employed within a probit-regression model to analyze observed
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voting patterns and infer the aforementioned underlying features. In addition
to developing and applying the model, we perform a detailed characterization
of its properties.

Concerning the application considered, time-evolving voting data has
been analyzed recently using a related model; however, in Wang et al. (2010)
a Markov assumption was made in time, and the spatial characteristics of
the data were omitted entirely. We demonstrate that via utilization of such
spatial information, the proposed MKSBP yields marked improvement in
prediction accuracy relative to Wang et al. (2010). Further, the proposed
MKSBP model performs better than other means of imposing spatial struc-
ture, with favorable comparisons made to a graphical model, as proposed in
Honorio et al. (2009), with covariance structure linked to spatial locations.

The remainder of the paper is organized as follow. In Section 2 we con-
sider a probit model for the binary voting matrices. Latent features and ran-
dom effects are associated with both dimensions (legislators and legislations),
with this basic construction applicable to general linear models (readily ex-
tended beyond the specific probit construction considered here). In Section
3 we introduced the MKSBP for the spatio-temporal component, with prop-
erties and posterior computation described. We show results for the voting
data in Section 4, from the United States House of Representatives, as well
as comparison with related approaches. Section 5 provides conclusions.

2. Modeling Time-Evolving Voting Data

We focus on the analysis of binary data, where the underlying spatial co-
ordinate corresponds to the location (e.g., center) of the district a legislature
represents, and time corresponds to the year of the vote. A “yes” vote is
modeled as 1 and “no” vote (or an abstention) is represented as 0. The data
consists of a set of incomplete binary matrices (a given legislator typically
misses some votes), with the (i, j) element representing the vote of the ith
legislator on the jth piece of legislation. The dimension of the data matri-
ces typically changes with time since in some years a given district may be
represented by more than one legislator (but of course not coincident), due
to a death, sickness or other reason. Additionally, the number of pieces of
legislation, or columns, is typically a function of the year t.
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2.1. Probit model for binary matrices

Using a modeling framework analogous to that in Clinton et al. (2004)
and Wang et al. (2010), let {Bt}t=1,T be a set of binary matrices with Bt ∈
{0, 1}Nt×Lt ; in our application this corresponds to T years, Nt legislators, and
Lt pieces of legislation in year t. The binary matrix has a probit generative
process with

Bt(i, j) =

{
1 if Zt(i, j) > 0,
0 otherwise,

Zt(i, j) = < ŷit,xjt > +βit + αjt + εijt, (1)

where i = 1, . . . , Nt denotes the ith legislator, j = 1, . . . , Lt denotes a specific
piece of legislation, ŷit,xjt ∈ RK , K represents an upper bound on the num-
ber of latent features, εijt ∼ N (0, 1), βit ∼ N (0, λ−1

β ) and αjt ∼ N (0, λ−1
α )

with λβ ∼ πβδ∞+(1−πβ)Gamma(a, b) and λα ∼ παδ∞+(1−πα)Gamma(a, b).
As in Albert and Chib (1997) and Chen and Dunson (2003), this prior im-
poses that the jth piece of legislation in year t has a random effect with prob-
ability 1−πα, with πα drawn from a beta distribution, πα ∼ Beta(cα, dα). A
similar construction is employed for the ith legislator in year t, via βit. We
expect that πβ will be near one, since most legislatures are expected to not
be biased toward always saying yes/no. However, there are many pieces of
legislation that all or most legislators vote yes on, and therefore we expect
1− πα to be relatively large.

We call xjt the vector of latent features associated to the jth piece of
legislation at time t. We assume xjt ∼ N (0, γ−1

x IK) with γx ∼ Gamma(e, f)
which means that xjt is drawn independently for each j and t since the
columns are each unique pieces of legislation. We define ŷit = b◦yit such that
b ∈ {0, 1}K is a binary vector with elements b = (b1, . . . , bK), and ◦ represents
the pointwise (Hadamard) vector product. If bk = 1, k = 1, . . . , K, then all
legislation and legislators are characterized by latent feature k. The entries
bk are generated bk ∼ Bernoulli(πk), with πk =

∏k
l=1 vl and vl ∼ Beta(αb, 1),

which corresponds to the stick-breaking construction for the Indian Buffet
process (Teh et al., 2007) where π1 > π2 > . . . > πK . The construction
for {πk} is convenient, as it places the features that are most likely to be
employed “to the left” in b, and therefore large truncation K will capture all
of the important/dominant feature components.

Equation (1) may also be interpreted as a K-factor model with factor
loadings matrix represented by Yt = {yik,t} ∈ RNt×K at time t, where yik,t
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is the kth component of yit. In factor analysis, identifiability problems are
manifested with the factor-loadings specification, where the main concern
is to ensure that yit and xjt individually will be uniquely identified. In
order to avoid these problems, we impose that yik,t is zero for i < k and
yii,t > 0 for i = 1, . . . , K. Thus, Yt is a block-lower triangular matrix with
positive diagonal elements. This constraint provides both identification and
useful interpretation of the latent features. Based on this specification, the
precision parameter γx is fixed as one. See, for instance, Lopes and West
(2004) and Harvey (1991) (Section 8.5) for more details about imposition of
identifiability.

Concerning model interpretation manifested by the imposed identifiabil-
ity constraints on the factor loadings matrix, in Clinton et al. (2004) the
authors employed a related approach, by fixing the feature value of one leg-
islator. The above construction generalizes Clinton et al. (2004), in that we
infer the number of features needed to represent the data (rather than just
using one feature as in Clinton et al., 2004). One issue with this approach is
that the feature values are now dependent on the ordering of the legislators,
with the first feature for example characteristic of how the first legislator
votes, and the second feature characteristic of the differences between legis-
lators one and two, etc. In practice, upon numerous tests, we found that the
predictions of the model are insensitive to the legislator ordering.

2.2. Leveraging covariates

The model is completed by placing specifications on the vector yit ∈ RK

characteristic of legislator i at time t. We assume access to covariates on
each legislator, where cit ∈ Rp is a vector of p covariates associated with
legislator i at time t, which here we represent as the party affiliation (e.g.,
Democrat/Republican, arbitrarily given values 1/0) and thus p = 1; the
model may be readily extended to consider more covariates, if available. We
consider

yik,t = citµk + ηkit, (2)

where the vector of regression coefficients µk ∈ Rp follows a multivariate
normal prior distribution such that µk ∼ N (0, λ−1

µ Ip); µk characterizes the
impact of the covariates on latent feature k.

The term ηkit is called the spatio-temporal component, which character-
izes the kth feature of legislator i in the tth year. In the simplest form,
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we may assume that ηkit follows a zero-mean Gaussian distribution such that
ηkit ∼ N (0, σ2

η); this is consistent with the model used above for the features of
legislation j in year t, xjt ∼ N (0, γ−1

x IK). However, this model does not ac-
count for the known location of the legislator’s district and time dependence.
It is anticipated that congressional districts that are spatially proximate are
more likely to be inhabited by people of similar/related political points of
view, and that this should be reflected in the voting behavior of their legis-
lators (and, hence, in their latent features). This information has not been
accounted for in any previous analysis of data of this type (see Clinton et al.,
2004 and Wang et al., 2010 and the references therein), and imposition of
this structure is the principal contribution of this paper.

To motivate the form of the proposed model, rather than the simple
model ηkit ∼ N (0, σ2

η), we may alternatively assume ηkit ∼ N (θkit, σ
2
η), with

θit ∼ G, where G is drawn from a Dirichlet process (DP). In this manner
we are imposing that the ηkit are drawn from a Gaussian mixture model
(GMM), with mixture parameters characterized by G. One may consider a
stick-breaking representation for the DP draw G Sethuraman (1994). The
GMM prior is significantly more flexible than the simple Gaussian prior, but
it still does not consider the spatial and temporal covariates. We propose
an extension of the DP-based GMM prior, in which G is a function of space
and time, now denoted Gsit, where si is the physical location of the center
of the congressional district represented by legislator i. The measure Gsit

is modeled via a matrix kernel stick-breaking process (MKSBP) extension of
Sethuraman’s DP representation, developed in Section 3.

2.3. Simple extensions

As a simple extension of ηkit ∼ N (θkit, σ
2
η), we consider

ηkit|ηki,t−1 ∼ N (θkit + ϕk(η
k
i,t−1 − θki,t−1), σ2

η), (3)

where again θkit ∼ Gsit. In this setting, ηkit follows an AR process of order one
in time, with E(ηkit) = θkit.

For the Congressional voting-record data considered, there is typically
space-time smoothness in the voting patterns of congressional districts, char-
acteristic of similar types of people living in contiguous spatial regions over
time. However, there may be geographically isolated congressional districts
that may have voting patterns that are distinct from their surrounding dis-
tricts, and this is missed by the space-time smoothness imposed in θkit. The
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term ϕk(η
k
i,t−1 − θki,t−1) imposes temporal smoothness in the displacement of

ηkit away from the mean θkit, which yields improved modeling of isolated, id-
iosyncratic congressional districts. The model in (3) is more flexible than the
model without the AR component, yielding better performance, and it only
adds K parameters {ϕk}.

3. Matrix Kernel Stick-Breaking Process

3.1. Construction

For ease of notation, we omit the superscript k in θkit. Therefore, let θit be
a spatio-temporal component at time t ∈ T and location si ∈ R2 defined over

the geographical space S. We start by assuming θit
ind∼ Gsit and GS,T ∼ P

where GS,T = {Gst : s ∈ S, t ∈ T } and P is a probability measure on (Ω, C).
Here C is the Borel σ-algebra of subsets of Ω and Ω is a space of uncountable
collections of probability measure on (Ψ,B) indexed by s and t. Following
this construction, θit ∈ Ψ and B is a corresponding Borel σ-algebra. Our
focus is on choosing P .

In general, we assume that Gst has a stick-breaking (SB) representation
that generalizes that of the Dirichlet process (Ishwaran and James, 2001)

Gst =
∞∑
h=1

{
Vh(s, t)

∏
l<h

(1− Vl(s, t))

}
δΘh

, Θh ∼ G0, (4)

where δΘh
is the Dirac probability measure concentrated at Θh, V = {Vh(s, t)}

is an array of random SB weights indexed by s, t and h, and Θ = {Θh} is
a vector of random atoms. In practice we truncate the sum to M terms,
with M large, and set VM(s, t) = 1 for all s, t in order to ensure that the SB
probabilities πh(s, t) = Vh(s, t)

∏
l<h(1− Vl(s, t)) (h = 1, . . . ,M) sum to one

for each s and t.
Following the matrix stick-breaking process (MSBP) construction (Dun-

son et al., 2008), we assume that Vh(s, t) = Uh(t)Wh(s), where Uh(t) measures
the tendency to allocate atoms at time t to cluster h and Wh(s) measures
the tendency to allocate atoms for location s to cluster h. The idea is to
borrow information across space and time via the interactions between Uh(t)
and Wh(s). However, note that the MSBP does not contemplate dependence
between the SB probabilities πh(s, t). In that context, bounded kernel func-
tions defined in both space and time can be incorporated to construct the
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Figure 2: Simulated data: Spatial and temporal evolution of θit, t = 1, 2, 3, drawn from a
MKSBP on the 110th Congressional Districts (432 areas without considering the Alaska
and Hawaii districts). The maps show the effect of the concentration parameter γw for
two different values with γu fixed at 0.1.

weights Uh(t) and Wh(s). We define

Uh(t) = U∗hKu(t; t∗h, φ), U∗h ∼ Beta(1, γu),

Wh(s) = W ∗
hKw(s; s∗h, φh), W ∗

h ∼ Beta(1, γw),
(5)

where Ku : R × R → [0, 1] and Kw : R2 × R2 → [0, 1] are bounded kernel
functions on time and space-domain, respectively; characterized in terms of
the parameters (t∗h, φ) and (s∗h, φh). For each h, s∗h represents a location and
t∗h represents an index-time. Moreover, we assume that s∗h ∈ Cs and t∗h ∈ Ct
where Cs = {s∗l }

Ns
l=1 and Ct = {t∗l }

Nt
l=1 denote discrete libraries of locations and

time indexes, respectively. Specifically, the library sizes Ns, Nt are larger than
M and are upper bounded to large values.

In a similar manner to the kernel stick-breaking process (KSBP) (Dunson
and Park, 2008), sparseness and borrowing of information can be favored
with the choosing of certain values for γu, γw and the definition of the kernel
functions. For instance, γu, γw → 0 favors values of U∗h and W ∗

h close to one,
then sparseness between Gst’s are directly related to the proximity between
locations and time indexes. Moreover, for γu, γw > 0, kernel functions that
decrease slowly to 0 favor borrowing of information across S and T . To gain
some intuition, Figure 2 shows the spatio-temporal behavior of θit ∼ Gsit

simulated on the United States 110th House of Representatives congressional
districts map (corresponding to a district map from January 3, 2007, and
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January 3, 2009). The concentration parameter γu (associated with time)
was fixed at 0.1, we use Gaussian kernels for Ku(·) and Kw(·) and we use a
normal distribution as baseline measure to generate the atoms. Two different
values of γw were considered, 0.1 and 1. For γw = 0.1 we note smooth
variations across the entire region with only two dominant groups along time.
In contrast, for γw = 1 the spatial similarities are more localized as expected.

Before proceeding, we provide a summary of the structure imposed by
the proposed model. Considering (2), (3) and (4), the model imposes that
ηkit is drawn from a Gaussian mixture model, with mixture parameters that
vary smoothly as a function of space and time. The smooth variations of the
mixture-component parameters are imposed via the MKSBP in (4). This
imposition of spatial-temporal smoothness is transferred to the latent features
of the legislators, via yik,t in (2). One may alternatively simply consider
drawing the ηkit in (2) directly from a Gaussian process, with a separable
spatio-temporal covariance function. One disadvantage of that approach is
that it assumes a covariance structure that is the same for all temporal and
spatial coordinates, which may not be appropriate when modeling a region as
large and diverse as the United States, particularly over a long time period.

3.2. Properties

We point out that for all πh(s, t) with t ∈ T , s ∈ S and h = 1, . . . ,∞,
the probability measure Gst is well-defined if its random weights πh(s, t) sum
to one almost surely. The following Lemma formalizes this issue.

Lemma 1. For {Gst} (s ∈ S, t ∈ T ) defined in (4) and the weights defined
in (5),

∑∞
h=1 πh(s, t) = 1 almost surely ∀s ∈ S and ∀t ∈ T .

The proof is in Appendix A. On the other hand, let U∗ = {U∗h ;h =
1, . . . ,M} and W ∗ = {W ∗

h ;h = 1, . . . ,M} be sets of random weights defined
in (5). Moreover, let IS = {s∗h}Mh=1 and IT = {t∗h}Mh=1 be the set of random
locations and time indexes, respectively.

Proposition 1. Let M →∞ and G = {Gst} denotes the matrix of random
probability measures defined in (4) and (5). For all A ∈ B and conditionally
on the weights U∗ and W ∗, and the random time indexes IT and locations
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IS, we have

E{Gst(A)|U∗,W ∗, IS, IT} = G0(A),

Var{Gst(A)|U∗,W ∗, IS, IT} = ||π(s, t)||22G0(A)(1−G0(A)),

Corr{Gst(A), Gs′t(A)|U∗,W ∗, IS, IT} =
< π(s, t),π(s′, t) >

||π(s, t)||2 ||π(s′, t)||2
,

where π(s, t) = (π1(s, t), π2(s, t), . . . )T .

The derivation is in Appendix B. Note that, for a given time t, the correlation
coefficient goes to 1 as s→ s′. Moreover, it is not dependent on the set A.

In addition, we derive properties marginalizing out the weights U∗, W ∗

and random location and indexes IS and IT , respectively. First, let Kh(t) and
Kh(s) be random variables obtained considering the transformation from t∗h
to Ku(t; t∗h, φ) and the transformation from s∗h to Kw(s; s∗h, φk), respectively.
Note that the random variables Kh(t) and Kh(t′) are dependent for t 6= t′ as
well as Kh(s) and Kh(s′) for s 6= s′. Letting V ∗h (s, t) = U∗hKh(t)W ∗

hKh(s), we
develop the following proposition.

Proposition 2. Let µ(s, t) = E{V ∗h (s, t)}, µ(s, s′, t) = E{V ∗h (s, t)V ∗h (s′, t)}
and µ(2)(s, t) = E{V ∗h (s, t)2}. For GS,T = {Gst : s ∈ S, t ∈ T }, the matrix of
random probability measures defined in (4) and (5), for M →∞ and A ∈ B,
we have

Var{Gst(A)} =
µ(2)(s, t)

2µ(s, t)− µ(2)(s, t)
G0(A)(1−G0(A)),

Corr{Gst(A)Gs′t(A)} =
µ(s, s′, t)

µ(s, t) + µ(s′, t)− µ(s, s′, t)

[
2µ(s, t)

µ(2)(s, t)
− 1

]1/2 [ 2µ(s′, t)

µ(2)(s′, t)
− 1

]1/2

.

The proof is in Appendix C. Note that the correlation between Gst(A) and
Gs′t(A) only depends on the expectations of V ∗h (s, t) and V ∗h (s, t)V ∗h (s′, t) as
well as the choices of Ku, Kw and the beta parameters γu and γw.

Before proceeding, note that the properties summarized above yield the
desired relationships we wish to impose within the MKSBP prior. For
example, Corr{Gst(A), Gs′t(A)|U∗,W ∗, IS, IT} demonstrates that the cor-
relation within the prior between spatial locations si and sj, at time t,
is closely related to their spatial proximity, as reflected by the correlation
between vectors π(si, t) and π(sj, t). Similar results hold with respect to
Corr{Gst(A)Gs′t(A)}, after marginalizing out the MKSBP parameters.
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3.3. Posterior Computation

We develop an algorithm based on the blocked Gibbs sampler of Ishwaran
and James (2001) using a data augmentation scheme. First, we define a
latent indicator vector, Rit, such that Rit = h denotes that θit = Θh where
Rit = min{l : Sit,l = Tit,l = 1} with Sit,l ∼ Ber(Ul(t)) and Tit,l ∼ Ber(Wl(si))
for l = 1, . . . ,M − 1, and Sit,M = Tit,M = 1. After augmenting, we can
use Markov chain Monte Carlo (MCMC) to update the unknown parameters
via their full conditional posterior distributions. This algorithm extends
the posterior inference for MSBP presented in Dunson et al. (2008). The
updating procedure is as follows:

Sampling θitk: Given the kernel functions Ku(·; t∗h, φ), Kw(·; s∗h, φh) and pa-
rameters φ, φh, t

∗
h and s∗h and under the previous augmentation scheme,

conditional distributions for Θh, Rit, Sit,l, Tit,l have the same form as
those presented in Dunson et al. (2008), Section 3.

Sampling W ∗
h : Let Aih ∼ Bernoulli(W ∗

h ) and Bih ∼ Bernoulli(Kw(si; s
∗
h, φh))

with Zi = min{h : Aih = Bih = 1} then update W ∗
h by sampling from

the conditional distribution Beta(1+
∑

i:Zi≥hAih, γw+
∑

i:Zi≥h(1−Aih)).
Analogously for U∗h .

Sampling s∗h and t∗h: The parameters s∗h ∼ Γ and t∗h ∼ Υ (h = 1, . . . ,M)
can proceed via Gibbs steps considering Γ(·) =

∑Ns

l=1 alδs∗l (·) with
(s∗1, . . . , s

∗
Ns

) a library of potential locations. Analogously for t∗h with

Υ(·) =
∑Nt

l=1 blδt∗l (·).

Sampling φh (kernel parameter): For each h = 1, . . . ,M , φh = φ∗rh such

that r∗h ∼ Mult(1/Ns, . . . , 1/Ns). The set {φ∗l }
Ns
l=1 represents a library

of possible kernel parameters.

4. Analysis of voting data

The proposed spatio-temporal model is fitted using MCMC with Gibbs
sampling steps. The full conditional distributions for all the parameters
related to the probit model are described in Appendix D. We ran the Gibbs
sampler for 50,000 iterations with a burn-in of 25,000 draws and collect every
fifth sample to thin the chain (5,000 saved samples). We ran two parallel
chains starting from different initial values of the parametric space. The
convergence was checked via Brooks and Gelman’s (1998) modification of
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105th Congress 106th Congress 107th Congress
(01/1997–01/1999) (01/1999–01/2001) (01/2001–01/2003)

108th Congress 109th Congress 110th Congress
(01/2003–01/2005) (01/2005–01/2007) (01/2007–01/2009)

Figure 3: Posterior means of the first dominant spatial feature yi1,t for 105th–110th

Congress based upon the Gibbs collection samples.

the Gelman-Rubin diagnostic. Given that good mixing was observed, we
use these samples to compute posterior estimates. The truncation levels on
the model are K = 30 (features) and M = 50. In other MCMC runs we
considered other values for M (larger than 50) and obtained similar results.
The results are very insensitive to the setting of K and M , as long as they
are set relatively large. The prior hyperparameters were set as a = b = cα =
dα = cβ = dβ = e = f = 1 and σ2

0 = 5. For the MKSBP specification,
we consider a common prior for γu and γw given by Gamma(1, 1), s∗h ∈ Cs,
t∗h ∈ Ct, where Cs and Ct represent libraries of locations and time indexes,
respectively.

The dimensionality of the binary vector b was inferred to be ||b||0 = 3 (the
posterior is peaked at this value). For these features we have estimated the
posterior means for both xjk,t (associated to legislations) and yik,t (associated
to legislators). Figures 3 and 4 show the posterior means of the two dominant
spatial features yik,t (k = 1 and k = 2) for the 105th–110th Congresses (House
of Representatives in the United States). For the first feature it is possible to
identify spatial patterns that vary smoothly across time, while in the second
feature spatial patterns are not so clear. The posterior 95% credible intervals
for γu and γw are [0.10, 0.3] and [0.05, 0.2], respectively. Those values favor
weights, U∗h and W ∗

h , close to one so the sparseness of the spatio-temporal
process is driven by the proximity between districts and time indexes.
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105th Congress 106th Congress 107th Congress
(01/1997–01/1999) (01/1999–01/2001) (01/2001–01/2003)

108th Congress 109th Congress 110th Congress
(01/2003–01/2005) (01/2005–01/2007) (01/2007–01/2009)

Figure 4: Posterior means of the second dominant spatial feature yi2,t for 105th–110th

Congress based upon the Gibbs collection samples.

In Figure 5 we present the estimated Nt × Nt correlation matrix for
these spatial features for the same period. For these matrices, the columns
and rows were sorted by similarity via a clustering algorithm (Kaufman and
Rousseeuw, 1990). For the first dominant feature, correlation matrices show
strong correlation for the same political party and negative correlation be-
tween different parties. It is interesting to note that the differences in the
first dominant spatial feature between Democrats and Republicans are more
stark during time period 01/2007-01/2009 than they are 01/2003-01/2005;
this may be attributed to the diminished “unity” and increased partisanship
in the United States as time progressed away from 11 September 2001. In
the bottom row of Figure 5, correlation matrices for the second dominant
spatial feature show blocks of rows and columns highly correlated each other
(upper right) across time. Those blocks are directly related with legislators
who have similar idiosyncratic preferences with no clear distinctions between
parties. It therefore appears that the first feature is closely tied to principal
viewpoints of the parties, while the second feature is more idiosyncratic. This
inferred principal single feature, highly correlated with party, is consistent
with research in the political science community (Clinton et al., 2004), in
which a single feature is typically assumed a priori (although we did not
make this assumption).

In Figure 6 we present results associated with the random effects βit (for
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108th Congress 109th Congress 110th Congress
(01/2003–01/2005) (01/2005–01/2007) (01/2007–01/2009)
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Figure 5: Posterior correlation matrix of the first and second spatial latent feature for
108th–110th Congress based upon the Gibbs collection samples. The columns and rows
were reordered to show affinities between rows and columns. For the first feature, we also
show the labels (Democrats and Republicans) associated with each row and column. They
seems to be sorted by political party, Republicans (first columns and rows) and Democrats.

2003–2008) and αjt (whole period). In the maps, gray regions indicate con-
gressional districts where the probability of βit (spatial random effects) to be
different from zero is greater than 0.7, and the last panel shows the posterior
density of αjt with most of values concentrated around zero. From these
results we note that, as expected, most legislators do not have large random
effect βit, which would imply that the associated legislator votes preferen-
tially yes/no, independent of the legislation. By contrast, the random effects
αjt on the legislation do have a substantial positive tail, implying that the as-
sociated legislation is likely to be voted “yes” on, independent of the features
of the legislator. This is anticipated, as there are many pieces of legislation
that are not of a serious nature (e.g., legislation wishing “happy birthday” to
people turning 100), that all congressmen vote affirmatively on, independent
of party. The inclusion of this random effect is therefore critical to accu-
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Figure 6: Maps: Gray regions indicate districts where the probability of βit to be different
from zero is greater than 0.7. Last panel: Posterior density of the random effect αjt
associated to the pieces of legislation.

rately learning the latent features of a given legislator, as otherwise these
large number of unanimous affirmative votes would undermine the learning
of yit.

We now examine the temporal variation of the first dominant spatial
feature yi1,t for all time t considered, and for several interesting selections of
the congressional district i. In Figure 7, left panel, we present the posterior
means and their corresponding 95% credible intervals for three congressional
districts in Florida and Alabama (six total districts). Note that this feature
tends to range between 1 and -1, with Republicans characterized by a feature
near -1, and Democrats near +1. The temporal dependence of this feature
is clearly visible when the congressional district switches from being held by
a Democrat to being held by a Republican, or vice-versa.

As our final example, we examine the predictive accuracy of the model,
removing a fraction of the votes at random, and examining the accuracy
with which the model makes predictions. In this context, we emphasize
an important characteristic of the probit model summarized in Section 2.1:
for each point in the time-evolving matrix, the model yields a probabilistic
statement for Bt(i, j). In other words, from the collection samples the model
infers a mean (for example) probability pr(Bt(i, j) = 1), recalling that a 1
corresponds to “yes”, and with probability 1−pr(Bt(i, j) = 1) the model pre-
dicts congressman i will vote “no” on legislation j at time (year) t. For each
Bt(i, j), we take max{pr(Bt(i, j) = 1), 1−pr(Bt(i, j) = 1)}, this defining the
confidence with which the model predicts the value of Bt(i, j), irrespective
of whether the prediction is for a “yes” or “no”. To examine the confidence
with which the model makes inferences, we bin all such predictions in ranges
[0.5,0.6), [0.6,0.7), ..., [0.9,1); by examining the relative number of predic-
tions in each bin, we obtain a measure of confidence with which the model
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Figure 7: Left panel: Temporal variation of the first latent feature for three Congressional
Districts in Florida and Alabama. Dashed lines represent the posterior 95% credible
intervals. Right panel: Percentage of predictions in each probability bin for different
fractions of missing data. Black lines represent the average predictions and gray lines the
95% confidence intervals.

makes predictions. Figure 7, right panel, shows the fraction of predictions
in each probability interval, as a function of the fraction of missing data, as
it increases from 10 to 80%. The missing values were selected uniformly at
random, the results are based on 10 runs. From Figure 7, right panel, we
note that with 10% missing data, the model is very confident, with roughly
70% of its predictions in the [0.9,1) bin; as expected, this fraction reduces
substantially as the amount of missing data moves to 80%.

While it is interesting to examine the confidence with which the model
makes predictions, the much bigger question is whether that confidence is
matched by actual prediction performance. Specifically, if we examine for
example all of the predictions in the [0.7,0.8) bin, we would expect that on
average the model should be correct in predicting “yes”/“no” between 70-
80% of the time. We argue that this is the true success of such a model: it
can make predictions, it understands the confidence of those predictions, and
actual prediction performance is consistent with that confidence. However,
we called the best model the one that puts the most predicted votes into the
most-confident bin [0.9, 1). We address this question in Table 1.

For comparison purposes, six models are considered:
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(M1) Probit model as defined in (1) with Zt(i, j) = citµ+νit+βit+αjt+εijt.
Priors for βit and αjt are the same as defined in Section 2.1, citµ
is the regression component and νit is the spatially structured com-
ponent, modeled using an intrinsic conditional autoregressive (CAR)
structure (Besag et al., 1991). Specifically, νit|νl 6=i,t ∼ N (mlt, s

2
lt),

mlt =
∑

l∈N(i) νlt/#N(i) and s2
lt = σ2

ν/#N(i), where #N(i) is the
number of districts adjacent to the ith one.

(M2) Model as defined in (1) and (2) where ηkt = (ηk1t, . . . , η
k
Ntt

)T ∈ RNt

follows an intrinsic CAR structure as defined in model M1.

(M3) Probit model as defined in (1) with yik,t ∼ N (citµk, γ
−1
y ), without

spatio-temporal structure. This model is similar to that proposed by
Wang et al. (2010) but without taking into account the associated doc-
uments (legislations) into the model.

(M4) Model as defined in (1) and (2) where ηkt = (ηk1t, . . . , η
k
Ntt

)T ∈ RNt

follows a Gaussian graphical model (Honorio et al., 2009) with ηkt ∼
N (0,Ψt); using the hyper-inverse Wishart notation (Jones et al., 2004;
Carvalho et al., 2007) Ψt ∼ HIWG(5, INt) where G (graph) represents
a binary neighborhood matrix (1 if districts are adjacent, 0 otherwise)
which naturally permits the inclusion of spatial dependence – this is
an alternative means of including spatial information, instead of the
MKSBP developed here.

(M5) Model as defined in (1) and (2) with ηkit ∼ Gk
si

, Gk
s =

∑M
h=1{Wh(s)

∏
l<h(1−

Wl(s))}δΘh
and Wh(s) = W ∗

h (s)Kw(s; s∗h, φh), which implies a KSBP for
Gk
s , independently from t.

(M6) Proposed spatio-temporal model with θkit ∼ Gk
sit

, GS,T = {Gst} ∼ P
and P is a MKSBP.

For the comparative CAR and graphical models discussed above, note
that the geographical location of the district is not explicitly used, rather
we utilize adjacency information on districts. This is a problem for the data
considered, as every ten years congressional districts may be redrawn, with
some districts added or eliminated. Therefore, for these models, data from
each year are modeled in isolation, and temporal dependence between years
is not accounted for, as it is within the MKSBP.
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Table 1: Number of votes in each probability bin (Events) and empirical probabilities of
correct predictions in each bin (Prob.) for M1: spatial probit regression model where
the spatial component follows a CAR model; M2: probit model with ηkt follows a CAR
model; M3: probit model with yitk ∼ N (citµk, γ

−1
y ); M4: probit model with ηkt follows

a graphical model with ηkt ∼ N (0,Ψt); M5: Probit model such that ηkit ∼ Gksi (KSBP);
M6: Proposed spatio-temporal model where θkit ∼ Gksit (MKSBP). Results are for 10%
missing data.

Probability M1 M2 M3
Bins Events Prob. Events Prob. Events Prob.
[0.5, 0.6) 24519 0.53 25050 0.54 24771 0.55
[0.6, 0.7) 37950 0.58 26925 0.61 28109 0.67
[0.7, 0.8) 50649 0.61 31328 0.66 36748 0.78
[0.8, 0.9) 97443 0.62 41853 0.73 64629 0.89
[0.9, 1) 266899 0.69 352304 0.94 323521 0.98

Probability M4 M5 M6
Bins Events Prob. Events Prob. Events Prob.
[0.5, 0.6) 23752 0.55 21363 0.55 21046 0.55
[0.6, 0.7) 26997 0.68 23394 0.67 22985 0.67
[0.7, 0.8) 34611 0.80 29312 0.77 28348 0.78
[0.8, 0.9) 61022 0.90 50030 0.89 47605 0.89
[0.9, 1) 331396 0.98 353679 0.99 357794 0.99

It is interesting to note from Table 1 that, in general, models M2, M3, M4,
M5 and M6 make predictions with accuracy (within each bin) consistent with
what the model anticipates. In this sense, each of these models is correct,
in that it actually does what it says it will do. In contrast, model M1 does
not perform well in terms of matching the model confidence in almost all the
bins. However, following the confidence-based criteria, the proposed MKSBP
is deemed to be the best of these models, in that not only does it do what
it says, with regard to predictive accuracy, it also puts the largest quantity
of the predictions in the most-confident bin, [0.9,1). This demonstrates that
the model is making correct inferences, and it is doing so with increased
confidence relative to other models. This increased modeling confidence is a
result of the space-time information accounted for via the proposed model.

In previous models of spatially dependent data (Lopes et al., 2008; Lutti-
nen and Ilin, 2009) authors have utilized a GP to account for spatial covari-
ates. Note that we do not consider comparison to GP-based models here, as
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use of a single covariance structure (as employed within GP) for the entire
United States is inappropriate; the United States has significant variation in
people/city density as a function of location (e.g., Northeast vs. Midwest).
The GP is therefore inappropriate for the data considered.

5. Summary

A new matrix kernel stick-breaking process (MKSBP) model has been
proposed for modeling data with spatial-temporal covariates, and here it has
been applied to model the latent features characteristic of congressional dis-
tricts (located in spatial/geographical regions) over time. We have developed
the theoretical properties of this new model, and have realized encouraging
results on interpreting and predicting votes. Our results show that there are
improvements in predictive quality from the proposed model, relative to the
models to which we compare, which we feel provide reasonable/appropriate
comparisons. In addition, we perform a test to assess the predictive per-
formance of the fitted models that we believe it is true test of a probit (or
logistic) model, although to our knowledge this test has not been done pre-
viously.

The proposed MKSBP is applicable to other forms of space-time data
(e.g., Poisson, gamma and binomial) for which a GP-based model may be too
restrictive. Therefore, in future research, one may consider different applica-
tions such as weather forecasting (e.g., temperature predictions, occurrence
of rainfall, etc) and public health (e.g., disease counts, spatio-temporal inci-
dence, etc). Note that the proposed approach can be easily adapted to any
generalized linear model with an appropriate link function such as identity,
log, logit, and many others.

Appendix A. Proof of Lemma 1

Following the same ideas used by Dunson et al. (2008) and the approach
suggested by Ishwaran and James (2001) we have that for M → ∞, 1 −∑∞

h=1 πh(s, t) =
∏∞

h=1(1 − Vh(s, t)). To prove the lemma we have to show
that

∏∞
h=1(1−Vh(s, t)) = 0 or equivalently that

∑∞
h=1 log(1−Vh(s, t)) = −∞.

Because log(1− Vh(s, t)) are independent random variables and considering
the Kolmogorov three series theorem, we have that

∏∞
h=1(1 − Vh(s, t)) = 0

almost surely if and only if
∑∞

h=1 E(log(1 − Vh(s, t))) = −∞. In fact, using
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the Jensen’s inequality we have that

∞∑
h=1

E(log(1− Vh(s, t))) ≤
∞∑
h=1

log(1− E(Uh(t))E(Wh(s)))

=
∞∑
h=1

log

(
1− kw(s)ku(t)

(1 + γu)(1 + γw)

)
= −∞

where kw(s) = E(Kw(s; s∗h, φh)) and ku(t) = E(Ku(t;R∗h, φ)).

Appendix B. Proof of Proposition 1

For any set A ∈ B we have that

E{Gst(A)|U∗,W ∗, IT , IS} =
∞∑
h=1

πh(s, t)E{δΘh
(A)} = G0(A).

The second moment is given by

E{Gst(A)2|U∗,W ∗, IT , IS} =

∞∑
h=1

πh(s, t)2E{δΘh
(A)2}+

∞∑
h=1

∑
l 6=h

πh(s, t)πl(s, t)E{δΘh
(A)}E{δΘl

(A)}

=

∞∑
h=1

πh(s, t)2G0(A) +

∞∑
h=1

πh(s, t)(1− πh(s, t))G0(A)2

=

{ ∞∑
h=1

πh(s, t)2
(
G0(A)−G0(A)2

)}
+G0(A)2

= ||π(s, t)||22G0(A)(1−G0(A)) +G0(A)2

where ||π(s, t)||2 is the Euclidean norm that depends on locations IS and
time indexes IT . Consequently,

Var{Gst(A)|U∗,W ∗, IT , IS} = ||π(s, t)||22G0(A)(1−G0(A)).

Following a similar approach we obtain

E{Gst(A), Gs′t(A)|U∗,W ∗, IT , IS} =< π(s, t)π(s′, t) > G0(A)(1−G0(A))+G0(A).

The expression for the correlation coefficient follows from a straightforward
algebra.
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Appendix C. Proof of Proposition 2

Following the same approach presented in Dunson and Park (2008) and
for A ∈ B, Vh(s, t) = Uh(t)Wh(s) and we have that

E{Gst(A)Gs′t(A)} = E

{[ ∞∑
h=1

Vh(s, t)
∏
l<h

(1− Vl(s, t))δΘh
(A)

][ ∞∑
h=1

Vh(s′, t)
∏
l<h

(1− Vl(s′, t))δΘh
(A)

]}

= E

{ ∞∑
h=1

Vh(s, t)Vh(s′, t)
∏
l<h

(1− Vl(s, t))(1− Vl(s′, t))δΘh
(A)2

}

+E


∞∑
h=1

Vh(s, t)
∏
s<h

(1− Vs(s, t))δΘh
(A)

∑
l 6=h

Vl(s
′, t)

∏
r<l

(1− Vr(s′, t))δΘl
(A)


= (I) + (II).

Expressions (I) and (II) can be expressed in terms of µ(s, t), µ(s, s′, t) and
µ(2(t, i) as follows

(I) =

∞∑
h=1

µ(s, s′, t){1− µ(s, t)− µ(s′, t) + µ(s, s′, t)}h−1G0(A)

=
µ(s, s′, t)

µ(s, t) + µ(s′, t)− µ(s, s′, t)
G0(A),

(II) =

∞∑
l=1

∞∑
h=l+1

Vh(s, t)Vl(s
′, t)(1− Vl(s, t))

l−1∏
r=1

(1− Vr(s, t))(1− Vr(s′, t))

×
h−1∏
s=l+1

(1− Vs(s, t))E{δΘh
(A)δΘl

(A)}+

∞∑
h=1

∞∑
l=h+1

Vh(s, t)Vl(s
′, t)(1− Vl(s′, t))

×
h−1∏
r=1

(1− Vr(s, t))(1− Vr(s′, t))
l−1∏

r=h+1

(1− Vr(s′, t))E{δΘh
(A)δΘl

(A)}

=

( ∞∑
l=1

∞∑
h=l+1

µ(s, t){µ(s′, t)− µ(s, s′, t)}{1− µ(s, t)− µ(s′, t) + µ(s, s′, t)}l−1{1− µ(s, t)}h−l−1

+

∞∑
h=1

∞∑
l=h+1

µ(s′, t){µ(s, t)− µ(s, s′, t)}{1− µ(s, t)− µ(s′, t) + µ(s, s′, t)}h−1{1− µ(s′, t)}l−h−1

)
×{G0(A)}2

= {G0(A)}2
(

1− µ(s, s′, t)

µ(s, t) + µ(s′, t)− µ(s, s′, t)

)
.

Therefore, replacing the previous results we have that

E{Gst(A)Gs′t(A)} =
µ(s, s′, t)

µ(s, t) + µ(s′, t)− µ(s, s′, t)
G0(A)(1−G0(A)) + {G0(A)}2.
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Finally, expressions for Var{Gst(A)} and Corr{Gst(A)Gs′t(A)} can be derived
using the previous result.

Appendix D. MCMC details: probit model

The MCMC algorithm for the probit model alternates between the fol-
lowing steps.

Step 1: Sampling µ. Let Z̃t(i, j) = Zt(i, j)− x̂Tjtηit−βit−αjt and x̂jt = b◦
xjt; then (µ| . . .) ∼ N (uµ,Σµ) where Σµ = (

∑T
t=1

∑Nt

i=1

∑Lt

j=1 c
2
itx̂jtx̂

T
jt+

γµIK)−1 and uµ = Σµ

(∑T
t=1

∑Nt

i=1

∑Lt

j=1 citx̂jtZ̃t(i, j)
)
.

Step 2: Sampling ηit. First note that: η1t = (η1
1t, 0, . . . , 0)T ∈ RK with

η1
1t > 0; ηit = (η1

it, . . . , η
i
it, 0, . . . , 0)T ∈ RK for i = 2, . . . , K − 1; and

ηit = (η1
it, . . . , η

K
it )T for i = K, . . . , Nt with ηiit > 0 ∀i = 2, . . . , K. In

addition, let Z̃t(i, j) = Zt(i, j) − βit − αjt − citx̂Tjtµ, x̂jt = b ◦ xjt,
ϕ = diag(ϕ1, . . . , ϕK), and

Σηit =



[∑Lt

j=1 x̂jtx̂
T
jt + σ−2

0 IK + σ2
ηϕ

Tϕ
]−1

if t = 1,[∑Lt

j=1 x̂jtx̂
T
jt + σ−2

η (IK +ϕTϕ)
]−1

if 1 < t < T,[∑Lt

j=1 x̂jtx̂
T
jt + σ−2

η IK

]−1

if t = T,

uηit =


Σηit

[∑Lt

j=1 x̂jtZ̃t(i, j) + σ−2
η ϕT (ηi,t+1 − θi,t+1 +ϕθit)

]
if t = 1,

Σηit

[∑Lt

j=1 x̂jtZ̃t(i, j) + σ−2
η

(
ϕ(ηi,t+1 + ηi,t−1) + (IK +ϕTϕ)θit −ϕ(θi,t−1 + θi,t+1)

)]
if 1 < t < T,

Σηit

[∑Lt

j=1 x̂jtZ̃t(i, j) + σ−2
η (θit +ϕ(ηi,t−1 − θi,t−1))

]
if t = T.

Then, for t = 1, . . . , T , and considering that ηiit > 0 ∀i = 1, . . . , K, the
full conditional distribution of ηit is given by

For i = 1, (η1
1t| . . .) ∼ N(0,∞)(u

η
1t(1),Ση

1t(1, 1));

For i = 2, . . . , K, (ηiit| . . .) ∼ N0,∞(uηit(i),Σ
η
it(i, i)) and (ηit(−i)|ηiit, . . .) ∼

N (ai, bi) where ai = uηit(1 : i− 1) + Ση
it(1 : i− 1, i)Ση

it(i, i)
−1(ηiit −

uit(i)) and bi = Ση
it(1 : i−1, 1 : i−1)−Ση

it(1 : i−1, i)Ση
it(i, i)

−1Ση
it(1 : i− 1, i)T

with ηit(−i) = (η1
it, . . . , η

i−1
it );

For i = K + 1, . . . , Nt, (ηit| . . .) ∼ N (uηit,Σ
η
it).
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Step 3: Sampling xjt. Let Z̃t(i, j) = Zt(i, j)−βit−αjt then for j = 1, . . . , Lt,

(xjt| . . .) ∼ N (u∗jt,Σ
∗
jt) where Σ∗jt = (

∑Nt

i=1 ŷitŷ
T
it + γxIK)−1 and

u∗jt = Σ∗jt(
∑Nt

i=1 ŷitZ̃t(i, j)).

Step 4: Sampling βit. (βit| . . .) ∼ π∗βδ0 + (1− π∗β)N (βit 6= 0|µβit , σ2
βit

) where

σ2
βit

= 1/(Lt + λβ), µβit = σ2
βit

∑Lt

j=1(Zt(i, j) − ŷTitxjt − αjt) and π∗β =
θβ/(1 + θβ) where

θβ =
πβ

1− πβ
(Lt+λβ)1/2 exp

−0.5(Lt + λβ)−1

(
Lt∑
j=1

(Zt(i, j)− ŷTitxjt − αjt)

)2
 .

Step 5: Sampling αjt. (αjt| . . .) ∼ π∗αδ0 + (1 − π∗α)N (αjt 6= 0|µαjt
, σ2

αjt
)

where σ2
αjt

= 1/(Nt + λα), µαjt = σ2
αjt

∑Nt

i=1(Zt(i, j)− ŷTitxjt − βit) and
π∗α = θα/(1 + θα) where

θα =
πα

1− πα
(Nt+λα)1/2 exp

−0.5(Nt + λα)−1

(
Nt∑
i=1

(Zt(i, j)− ŷTitxjt − βit)

)2
 .

Step 6: Sampling λβ.

(λβ| . . .) ∼ Gamma(a+ 0.5
T∑
t=1

Nt∑
i=1

1(βit 6= 0), b+
T∑
t=1

Nt∑
i=1

β2
it).

Step 7: Sampling λα.

(λα| . . .) ∼ Gamma(a+ 0.5
T∑
t=1

Lt∑
j=1

1(αjt 6= 0), b+
T∑
t=1

Lt∑
j=1

α2
jt).

Step 8: Sampling πβ.

(πβ| . . .) ∼ Beta(cβ +
T∑
t=1

Nt∑
i=1

1(βit = 0), dβ +
T∑
t=1

Nt∑
i=1

1(βit 6= 0)).

Step 9: Sampling πα.

(πα| . . .) ∼ Beta(cα +
T∑
t=1

Lt∑
j=1

1(αjt = 0), dα +
T∑
t=1

Lt∑
j=1

1(αjt 6= 0)).
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Step 10: Sampling σ−2
η . Let η̃it = ηit − θit − ϕ(ηi,t−1 − θi,t−1) then

(σ−2
η | . . .) ∼ Gamma(e+ 0.5K

∑T
t=1 Nt, f + 0.5

∑T
t=1

∑Nt

i η̃
T
it η̃it).

Step 11: Sampling ϕk. Let η̃itk = ηitk−θitk then (ϕk| . . .) ∼ N(−1,1)(µϕk
, σ2

ϕk
)

where σ2
ϕk

= (σ−2
η

∑T
t=2

∑Nt

i=1 η̃
2
i,t−1,k+1)−1 and µϕk

= σ2
ϕk
σ−2
η

∑T
t=2

∑Nt

i=1 η̃i,t−1,kη̃itk.
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