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Multi-task Gaussian Processes
Consider M tasks with shared input feature vectors
{zj : j = 1, · · · , N}.
Let Yij be the response to input zj in task i .
Model I: sharing between-input covariance function across
tasks i = 1, · · · , M,

Yij = µ + mi(zj) + εij

εij
iid∼ N(0, σ2)

mi
iid∼ GP(0,Σ)

Model II: employing between-task covariance function Ω,

Yij = µ + m(xi , zj) + εij

εij
iid∼ N(0, σ2)

m ∼ GP(0,Ω⊗ Σ)

where xi is a task-specific feature vector.



A Random Effect Model

When responses Yij cannot be fully explained by xi and zj ,

p(Y|m, x, z) 6=
∏
i,j

p(Yij |m, xi , zj)

A natural extension of the previous model is to assume Yij
are conditionally independent, given mij = m(xi , zj) and
additional additive random effects fij ,

Yij = µ + mij + fij + εij

εij
iid∼ N(0, σ2)

m ∼ GP(0,Ω⊗ Σ)
f ∼ GP(0,∆⊗Υ)

However, such a model has a O(N3M3) computational
complexity.



A More Structured Model

Let the random effects f share a covariance function with
the regression model m,

Yij = µ + mij + fij
m ∼ GP(0,Ω0 ⊗ Σ)

fi
iid∼ GP(0, τΣ), i = 1, 2, · · · , M

Σ ∼ IWP(κ, Σ0 + λδ),

where IWP is a inverse-Wishart process with a degree of
freedom κ, δ is a Dirac kernel function, λ > 0.



The Finite Model: Modeling Large-scale Data

Let Ω0(xi , xi ′) = xT
i xi ′ , then m ∼ GP(0,Ω0 ⊗ Σ) implies

mij = βT
j xi

E(βT
j βj ′) = Σjj ′

Let Y ∈ RM×N be the matrix responses,

Yi ∼ N(βT xi , τΣ), i = 1, 2, · · · , M
β ∼ N(0, Ip ⊗Σ)
Σ ∼ InverseWishart(κ, Σ0 + λIN),

where p is the dimensionality of x.



Inference

Let YO denote the observed entries of Y. Based on YO, the
predictions can be made∫

p(Y|YO, θ)YdY

=

∫ ∫ ∫
p(Y|YO,β,Σ, θ)p(β,Σ|YO, θ)YdβdΣdY

≈
∫

p(Y|YO, β̂, Σ̂, θ)YdY,

where θ = {Σ0, λ, κ, τ} are the hyper-parameters,

β̂, Σ̂ = arg max
β,Σ

p(β,Σ|YO, θ),

are solved by EM iterations.



Results on EachMovie Data
Methods being compared:

User Mean and Movie Mean.

FMMMF: fast max-margin matrix factorization (Rennie & Srebro,2005).

PPCA: probabilistic PAC (Tipping & Bishop, 1999).

BSRM: Bayesian stochastic relational model (Zhu et al., 2009); BSRM-2 uses
additional user/movie attributes, while BSRM-2 does not.

NREM: Nonparametric random effects model (the proposed). BSRM-2 uses
additional user/movie attributes.
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Table 1. Prediction Error on EachMovie Data

Method RMSE Standard Error
User Mean 1.4251 0.0004
Movie Mean 1.3866 0.0004
FMMMF 1.1552 0.0008
PPCA 1.1045 0.0004
BSRM-1 1.0902 0.0003
BSRM-2 1.0852 0.0003
NREM-1 1.0816 0.0003
NREM-2 1.0758 0.0003

cipal component analysis (NPCA) model (Yu et al.,
2009). A non-probabilistic nonparametric method,
i.e., maximum-margin matrix factorization, was intro-
duced in (Srebro et al., 2005). Very few matrix fac-
torization methods use known predictors. One such a
work is by (Hoff, 2005) that introduces low-rank mul-
tiplicative random effects, in addition to known pre-
dictors, to model networked observations.

5. Experiments

5.1. EachMovie Data

We did experiments on the entire EachMovie data,
which include 74, 424 users’ 2, 811, 718 numeric rat-
ings Yij ∈ {1, 2, 3, 4, 5, 6} on 1, 648 movies. The data
are very sparse because 97.17% of the elements are
missing. We randomly selected 80% of the observed
ratings of each user for training and used the user’s
rest 20% ratings for testing. This random partition
was repeated 10 times independently. We calculated
RMSE (root mean square error) for each partition and
averaged the 10 results to compute the mean and the
standard error.

In our experiments, for each evaluated method, we
used one training/testing partition to do model se-
lection, including determining hyper parameters and
dimensionality. The selected model was then used
for other partitions. For low-rank matrix factoriza-
tion methods, we chose the dimensionality from D =
50, 100, 200. We found that larger dimensionality gen-
erally gave rise to better performances, but the accu-
racy was tending to saturate after the dimensionality
got more than 100.

We used 1% of the training ratings for setting the stop-
ping criterion: for each method, we terminated the
iterations if RMSE on the holdout set is observed to
increase, and then included the holdout set to run one
more iteration of training. We recorded the total run
time of each method. In the experiments, we imple-
mented the following methods:

Table 2. Computation Time on EachMovie Data

Method Run Time (hours)
FMMMF 4.94
PPCA 1.26
BSRM-1 1.67
BSRM-2 1.70
NREM-1 0.59
NREM-2 0.59

• User Mean and Movie Mean: baseline methods
that predict ratings by computing the empiri-
cal mean of the same users’ observed ratings, or,
other users’ ratings on the same movie.

• FMMMF: fast max-margin matrix factorization
(Rennie & Srebro, 2005), a low-rank method with
`2 norm regularization on the factors, optimized
by conjugate gradient descent.

• PPCA: probabilistic principal component analysis
(Tipping & Bishop, 1999), which is a probabilistic
low-rank matrix factorization method optimized
by EM algorithm.

• BSRM: Bayesian stochastic relational model (Zhu
et al., 2009), a semi-parametric model imple-
mented by Gibbs sampling, where Y is finite-
dimensional. BSRM-1 does not use additional
user/movie attributes, while BSRM-2 does.

• NREM: Nonparametric random effects model, the
work of this paper, which models Y as an infinite-
dimensional random function. NREM-1 does not
use additional attributes, i.e., we let Σ0 and Ω0

be a constant c, as suggested in Sec. 2.3.

For both BSRM-2 and NREM-2, we obtain the user
and movie attributes from the top 20 eigenvectors of
the binary matrix that indicates whether or not ratings
are observed in the training set. Note that there can
be different ways to obtain useful attributes, which is
not the focus of this paper.

All the results are summarized in Tab. 1 and Tab. 2.
Our models achieved lower prediction errors than other
methods. This result is perhaps not entirely surpris-
ing, because nonparametric models are generally more
flexible to explain complex data than parametric mod-
els. On the other hand, the training of our models is
even faster, which is a significant result.

5.2. Netflix Problem

The data contain 100, 480, 507 ratings from 480, 189
users on 17, 770 movies. In this case Yij ∈
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Results on Netflix Data
Additional methods being compared:

SVD.

RBM: Restricted Boltzmann Machine trained by contrast divergence
(Salakhutdinov et al., 2007).

PMF: probabilistic matrix factorization (Salakhutdinov & Mnih, 2008)

BPMF: Bayesian PMF (Salakhutdinov & Mnih, 2008).

PMF-VB: variational Bayes PMF (Lim & Teh, 2007).Large-scale Collaborative Prediction Using a Nonparametric Random Effects Model

{1, 2, 3, 4, 5}. In addition, Netflix.com provides a set
of validation data with 1, 408, 395 ratings. Therefore
there are 98.81% of elements missing in the rating ma-
trix. For evaluation, a set of 2, 817, 131 ratings are
withheld. People need to submit their results in or-
der to obtain the RMSE result from Netflix.com. We
decided to direct compare our results with those re-
ported in the literature, since they were all evaluated
on the same test data.

The results are shown in Tab. 3, where Cinematch is
the baseline provided by Netflix. Besides those intro-
duced in Sec. 5.1, there are several other methods:

• SVD: a method almost the same as FMMMF,
using a gradient-based method for optimization
(Kurucz et al., 2007).

• RBM: Restricted Boltzmann Machine trained by
contrast divergence (Salakhutdinov et al., 2007).

• PMF and BPMF: probabilistic matrix factoriza-
tion (Salakhutdinov & Mnih, 2008b), and its
Bayesian version (Salakhutdinov & Mnih, 2008a).

• PMF-VB: probabilistic matrix factorization using
a variational Bayes method for inference (Lim &
Teh, 2007).

Note that sometimes the running time was not found
in the papers. For BPMF, we gave a rough estima-
tion by assuming it went through 300 iterations (each
took 220 minutes as reported in the paper). Similar
to the EachMovie experiments, BSRM-2 and NREM-
2 used the top 40 eigenvectors of the binary indi-
cator matrix as additional attributes. As shown in
Tab. 3, if compared with those matrix factorization
methods, NREM-1 used no additional attributes ei-
ther, but generated more accurate predictions. Fur-
thermore, NREMs are highly competitive if compared
with the semi-parametric method BSRM. In terms of
efficiency for training, our nonparametric model turns
out to be even faster than those compared parametric
and semi-parametric models.

We note that the top performers in the Netflix compe-
tition reported better results by combining heteroge-
nous models. For example, the progress award winner
in 2007 combined predictions from about one hundred
of different models (Bell et al., 2007). However, our
focus here is not on developing ensemble methods.

6. Conclusion

In this paper a nonparametric model for multi-task
learning is introduced. The contributions are two-
fold: First, the model provides a novel way to use

Table 3. Performance on Netflix Data

Method RMSE Run Time (hours)
Cinematch 0.9514 -
SVD 0.920 300
PMF 0.9265 -
RBM 0.9060 -
PMF-VB 0.9141 -
BPMF 0.8954 1100
BSRM-2 0.8881 350
NREM-1 0.8876 148
NREM-2 0.8853 150

random effects and known attributes to explain the
complex dependence of data; Second, an algorithm is
proposed to speed up the model on very large-scale
problems. Our experiments demonstrate that the al-
gorithm works very well on two challenging collabo-
rative prediction problems. In the near future, it will
be promising to perform a full Bayesian inference by a
parallel Gibbs sampling method.
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