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Principal component analysis

Given zero-mean data, the first principal component is the
solution to

max
uT

1 u1=1
uT

1 XX T u1

where each column in X is a zero-mean sample.
The k -th, k > 1, component is the solution to

max
uT

k uk=1
uk⊥span(u1,...,uk−1)

uT
k X̃ X̃ T uk (1)

where X̃ = X −∑k−1
i=1 uiuT

i X .



Structured sparse principal component analysis

Given X ∈ Rn×p, the structured sparse PCA solves

min
U∈Rn×r

V∈Rp×r

1
2np
‖X − UV T‖2F + λ

r∑

k=1

Ωv (V k )

s.t . Ωu(Uk ) ≤ 1, ∀ k

Sparse PCA with `1 minimization:

Ωv (V k ) = ‖V k‖1

Structured sparse PCA with mixed `1/`2 minimization:

Ωv (V k ) =
∑

G∈G

‖dG ◦ V k‖2



Constructing the groups in G
The groups are possibly overlapping with each other, therefore
the `1/`2 minimization as considered here is different from
group lasso.

R. Jenatton, G. Obozinski and F. Bach

The framework of Jenatton et al. (2009) can be summarized

as follows: if we denote by G a subset of the power set of

{1, . . . , p}, such that
⋃

G∈G G = {1, . . . , p}, we define the
mixed ℓ1/ℓ2 norm Ω on a vector y ∈ Rp as

Ω(y) =
∑

G∈G

{∑

j∈G

(dG

j )
2|yj |2

} 1
2

=
∑

G∈G
‖dG ◦ y‖2 ,

where (dG)G∈G ∈ Rp×|G| is a |G|-tuple of p-dimensional

vectors such that dG
j > 0 if j ∈ G and dG

j = 0 other-

wise. This normΩ linearly combines the ℓ2 norms of possi-

bly overlapping groups of variables, with variables in each

group being weighted by (dG)G∈G . Note that a same vari-

able yj belonging to two different groups G1, G2 ∈ G is

allowed to be weighted differently in G1 and G2 (by re-

spectively dG1
j and dG2

j ).

For specific choices of G, Ω leads to standard sparsity-

inducing norms. For example, when G is the set of all

singletons, Ω is the usual ℓ1 norm (assuming that all the

weights are equal to 1).

We focus on the case of a 2-dimensional grid where the set

of groups G is the set of all horizontal and vertical half-

spaces (see Fig. 1 taken from Jenatton et al., 2009). As

proved by Jenatton et al. (2009, Theorem 3.1), the ℓ1/ℓ2
norm Ω sets to zero some groups of variables ‖dG ◦ y‖2,
i.e., some entire horizontal and vertical half-spaces of the

grid, and therefore induces rectangular nonzero patterns.

Note that a larger set of convex patterns can be obtained by

adding in G half-planes with other orientations. In practice,
we use planes with angles that are multiples of π

4 , which

enables the nonzero patterns to have polygonal shapes with

up to 8 faces.

Figure 1: (Left) The set of blue and green groups with their

(not displayed) complements to penalize to select rectan-

gles. (Right) In red, an example of recovered pattern in this

setting.

Among sparsity inducing regularizations, the ℓ1 norm is

often privileged since it is convex. However, so-called con-

cave penalizations, such as penalization by an ℓα quasi-

norm, which are closer to the ℓ0 quasi-norm and penalize

more aggressively small coefficients can be preferred, es-

pecially in a context where the unregularized problem, here

dictionary learning is itself non convex. In light of recent

work showing the advantages of addressing sparse prob-

lems through concave penalization (e.g., see Zou and Li,

2008), we therefore generalize Ω to a family of non-convex

regularizers as follows: for α∈ (0, 1), we define the quasi-
norm Ωα for all vectors y∈Rp as

Ωα(y) =

{ ∑

G∈G
‖dG ◦ y‖α2

} 1
α

= ‖ (‖dG ◦ y‖2)G∈G ‖α ,

where we denote by (‖dG ◦ y‖2)G∈G ∈ R1×|G| the |G|-
tuple composed of the different blocks ‖dG ◦ y‖2. We thus

replace the (convex) ℓ1/ℓ2 norm Ω by the (neither convex,

nor concave) ℓα/ℓ2 quasi-norm Ωα. While leading to the

same set of (non)zero patterns, the ℓα quasi-norm yields

sparsity at the group level more aggressively.

3 Optimization

We consider the optimization of Eq. (1) where we use

Ωv = Ωα to regularize the dictionary V . We discuss in

Section 3.3 which norms Ωu we can handle in this opti-

mization framework.

3.1 Formulation as a Sequence of Convex Problems

We now consider Eq. (1) where we take Ωv to be Ωα, α ∈
(0, 1), that is,





min
U∈Rn×r,
V ∈Rp×r

1

2np

∥∥X−UV ⊤∥∥2
F
+ λ

r∑

k=1

Ωα(V k)

s.t. ∀k, Ωu(U
k) ≤ 1,

(2)

Although the minimization problem in Eq. (2) is still con-

vex in U for V fixed, the converse is not true anymore

because of Ωα. Indeed, the formulation in V is non-

differentiable and non-convex. To address this problem, we

use the variational equality based on the following lemma

that is related3 to ideas from Micchelli and Pontil (2006):

Lemma 3.1. Let α ∈ (0, 2) and β = α
2−α . For any vector

y ∈ Rp, we have the following equality

‖y‖α = min
z∈Rp

+

1

2

p∑

j=1

y2j
zj

+
1

2
‖z‖β ,

and the minimum is uniquely attained for zj =

|yj |2−α ‖y‖α−1
α , ∀j ∈ {1, . . . , p}.

Proof. Let ψ : z 7→ ∑p
j=1 y

2
j z

−1
j + ‖z‖β be the contin-

uously differentiable function defined on (0,+∞). We

have lim‖z‖β→∞ ψ(z) = +∞ and limzj→0 ψ(z) = +∞
if yj 6= 0 (for yj = 0, note that minz∈Rp

+
ψ(z) =

minz∈Rp
+,zj=0 ψ(z)). Thus, the infimum exists and it is at-

tained. Taking the derivative w.r.t. zj (for zj > 0) leads to
the expression of the unique minimum, expression that is

still correct for zj = 0.

3Note that we depart from Micchelli and Pontil (2006) who
consider a quadratic upperbound on the squared norm. We prefer
to remain in the standard dictionary learning framework where the
penalization is not squared.



Making the dictionary sparser

Replacing the `1/`2 norm with a `α/`2 norm, 0 < α < 1:

Ωv (V k ) = Ωα
v (V k ) =


∑

G∈G

‖dG ◦ V k‖α2




1
α

The structured sparse PCA now solves

min
U∈Rn×r

V∈Rp×r

1
2np
‖X − UV T‖2F + λ

r∑

k=1

Ωα
v (V k )

s.t . Ωu(Uk ) ≤ 1, ∀ k



Solving a sequence of convex problems
Lemma
Let 0 < α < 2 and β = α

2−α . For any y ∈ Rp, it holds

‖y‖α = (

p∑

j=1

|yj |α)
1
α = min

z∈Rp
+

1
2

p∑

j=1

y2
j

zj
+

1
2
‖z‖β

and the minimum is attained at zj = |yj |2−α + ‖y‖α−1
α , ∀ j .

1
The regularization in structured sparse PCA becomes:

Ωα
v (V k ) =


∑

G∈G

‖dG ◦ V k‖α2




1
α

= min
ηG

k ∈R
p
+

1
2

∑

G∈G

‖dG ◦ V k‖22
ηG

k
+

1
2

(
∑

G∈G

|ηG
k |β)

1
β



Denoising: data simulation

Each sample sample is a linear combination of three
20× 20 sparse dictionary elements.
The components of the noise vector ε are iid from a
zero-mean Gaussian distribution with its variance set to
obtain a signal-to-noise ratio (SNR) of 0.5.
The coefficients that linearly combine the dictionary
elements are generated according to a centered Gaussian
distribution, with the following covariance matrix




1 0 0.5
0 1 0.5

0.5 0.5 1






Dictionary

Structured Sparse Principal Component Analysis

From 250 of such signals, we learn a decomposition Û V̂ ⊤

with r = 3 dictionary elements, which seems a reason-

able choice of r in an attempt to recover the underlying (in

this case, known) structure of V. For SPCA and SSPCA,

the regularization parameter λ is selected by 5-fold cross-

validation on the reconstruction error. Based on the learned

dictionary V̂ , we denoise 1000 new signals generated in the

same way. We report in Table 1 the results of the denoising,

for PCA, SPCA and SSPCA.

Figure 2: Top row: dictionaryV=[V1,V2,V3]∈R400×3

used to generate the signals Eq. (6). From the second to

the bottom row: dictionary elements recovered from 250

signals by PCA, SPCA and SSPCA (best seen in color).

The difficulty of this task is essentially twofold and lies in

(1) the high level of noise and in (2) the small number of

signals (i.e., 250 signals against 400 variables) available to

learn the decomposition.

As displayed on Fig. 2, PCA and SPCA learn very scattered

and uninterpretable dictionary elements. On the other hand,

the sparse structured prior we put through Ωα helps to re-

cover the initial structure of V, which, in turn, improves

upon the denoising performance of SSPCA (see Table 1).

Note that in order to assess the statistical significance of the

differences between the average denoising performances of

Table 1, one has to consider the sample standard devia-

tion divided by
√
1000 (Lehmann and Romano, 2005), i.e.,

roughly ≈ 0.007.

The setting we consider here raises the interesting question

of model identifiability, i.e., whether we can recover the

true dictionary elements that generated the signals, which

we defer to future work.

PCA SPCA SSPCA

Estimation error: 0.41±0.22 0.40±0.22 0.34±0.21

Table 1: Average and standard deviation of the normal-

ized estimation error, computed over 1000 signals for PCA,

SPCA and SSPCA.

4.2 Face Recognition

We apply SSPCA on the cropped AR Face Database (Mar-

tinez and Kak, 2001) that consists of 2600 face images,

corresponding to 100 individuals (50 women and 50 men).

For each subject, there are 14 non-occluded poses and

12 occluded ones (the occlusions are due to sunglasses

and scarfs). We reduce the resolution of the images from

165×120 pixels to 38×27 pixels for computational reasons.

Fig. 3 shows examples of learned dictionaries (for r = 36
elements), for NMF, SSPCA and SSPCAwith shared struc-

ture (see Section 3.2). While NMF finds sparse but spa-

tially unconstrained patterns, SSPCA select sparse convex

areas that correspond to a more natural segment of faces.

For instance, meaningful parts such as the mouth and the

eyes are recovered by the dictionary.

We now quantitatively compare SSPCA, SPCA, PCA and

NMF on a face recognition problem. We first split the data

into 2 parts, the occluded faces and non-occluded ones. For

different sizes of the dictionary, we apply each of the afore-

mentioned dimensionality reduction techniques to the non-

occluded faces. Keeping the learned dictionary V , we de-

compose both non-occluded and occluded faces on V . We

then classify the occluded faces with a k-nearest-neighbors

classifier (k-NN), based on the obtained low-dimensional

representations U . Given the size of the dictionary, we

choose the number of neighbor(s) and the amount of regu-

larization λ by cross-validation5 on the non-occluded faces.

The formulations of NMF, SPCA and SSPCA are non-

convex and as a consequence, the local minima reached by

those methods might a priori be sensitive to the initializa-

tion. To evaluate this sensitivity, we repeat the protocol

described above 10 times and display in Fig. 4 the median,

first and third quartile of the classification scores obtained

in this way. In practice we found the performance on the

test set to be pretty stable as a function of the initializa-

tion. We denote by shared-SSPCA (resp. shared-SPCA)

the models where we impose, on top of the structure of

Ωα, to have only 10 different nonzero patterns among the

learned dictionaries (see Section 3.2).

5We perform 5-fold cross-validation and the number of near-
est neighbor(s) is searched in {1, 3, 5} while log10(λ) is in
{−11,−10.5, . . . ,−7}. For the dictionary, we consider the sizes
r ∈ {10, 20, . . . , 150}.
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Face recognition: dictionary learning

Consider the cropped AR Face Database (Martinez and
Kak, 2001) that consists of 2600 face images,
corresponding to 100 individuals (50 women and 50 men).
For each subject, there are 14 non-occluded poses and 12
occluded ones (the occlusions are due to sunglasses and
scarfs).
The resolution of the images are reduced from 165× 120
pixels to 38× 27 pixels for computational reasons.



Face recognition: dictionary learning
The dictionary learned by non-negative matrix factorization
(NMF), with r = 36.

R. Jenatton, G. Obozinski and F. Bach

Figure 3: Three learned dictionaries of faces with r = 36:
NMF (top), SSPCA (middle) and shared-SSPCA (bottom)

(i.e., SSPCA with |M| = 12 different patterns of size 3).
The dictionary elements are sorted in decreasing order of

explained variance. While NMF gives sparse spatially un-

constrained patterns, SSPCA finds convex areas that cor-

respond to more natural face segments. SSPCA captures

the left/right illuminations and retrieves pairs of symmetric

patterns. Some displayed patterns do not seem to be con-

vex, e.g., nonzero patterns located at two opposite corners

of the grid. However, a closer look at these dictionary el-

ements shows that convex shapes are indeed selected, and

that small numerical values (just as regularizing by ℓ2 norm
may lead to) give the visual impression of having zeroes in

convex nonzero patterns. This also shows that if a noncon-

vex pattern has to be selected, it will be, by considering its

convex hull.

We performed a Wilcoxon signed-rank (Lehmann and Ro-

mano, 2005) between the classification scores of NMF

and SSPCA, and for dictionary sizes greater than 100 (up

to 150), our approach performs better than NMF at the

5% significance level. For smaller dictionaries, NMF and

SSPCA perform similarly. The other methods, including

PCA and SPCA, obtained overall lower scores than NMF

and can also be shown to perform significantly worse than

SSPCA.

As a baseline, we also plot the classification score that we

obtain when we directly apply k-NN on the raw data, with-

out preprocessing. Because of its local dictionary, SSPCA

proves to be more robust to occlusions and therefore out-

performs the other methods on this classification task. On

the other hand, SPCA, that yields sparsity without a struc-

tured prior, performs poorly. Sharing structure across the

dictionary elements (see Section 3.2) seems to help SPCA

for which no structure information is otherwise available.

The goal of our paper is not to compete with state-of-the-art

techniques of face recognition, but to demonstrate the im-

provement obtained between the ℓ1 norm and more struc-

tured norms. We could still improve upon our results using

non-linear classification (e.g., with a SVM) or by refining

our features (e.g., with a Laplacian filter).
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Figure 4: Classification accuracy versus dictionary size:

each dimensionality reduction technique is used with k-NN

to classify occluded faces. SSPCA shows better robustness

to occlusions. The points, lower and upper error bars on

the curves respectively represent the median, first and third

quartile, based on 10 runs.



Face recognition: dictionary learning
The dictionary learned by structured sparse PCA (SSPCA),
with r = 36.
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Figure 3: Three learned dictionaries of faces with r = 36:
NMF (top), SSPCA (middle) and shared-SSPCA (bottom)
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convex hull.
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SSPCA perform similarly. The other methods, including

PCA and SPCA, obtained overall lower scores than NMF

and can also be shown to perform significantly worse than
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As a baseline, we also plot the classification score that we

obtain when we directly apply k-NN on the raw data, with-

out preprocessing. Because of its local dictionary, SSPCA

proves to be more robust to occlusions and therefore out-

performs the other methods on this classification task. On

the other hand, SPCA, that yields sparsity without a struc-

tured prior, performs poorly. Sharing structure across the

dictionary elements (see Section 3.2) seems to help SPCA

for which no structure information is otherwise available.

The goal of our paper is not to compete with state-of-the-art

techniques of face recognition, but to demonstrate the im-

provement obtained between the ℓ1 norm and more struc-

tured norms. We could still improve upon our results using
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Face recognition: dictionary learning
The dictionary learned by shared-SSPCA, with r = 36. Here
certain dictionary elements share common sparsity patterns.
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(i.e., SSPCA with |M| = 12 different patterns of size 3).
The dictionary elements are sorted in decreasing order of

explained variance. While NMF gives sparse spatially un-

constrained patterns, SSPCA finds convex areas that cor-

respond to more natural face segments. SSPCA captures

the left/right illuminations and retrieves pairs of symmetric

patterns. Some displayed patterns do not seem to be con-

vex, e.g., nonzero patterns located at two opposite corners

of the grid. However, a closer look at these dictionary el-

ements shows that convex shapes are indeed selected, and

that small numerical values (just as regularizing by ℓ2 norm
may lead to) give the visual impression of having zeroes in
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and SSPCA, and for dictionary sizes greater than 100 (up

to 150), our approach performs better than NMF at the

5% significance level. For smaller dictionaries, NMF and

SSPCA perform similarly. The other methods, including

PCA and SPCA, obtained overall lower scores than NMF

and can also be shown to perform significantly worse than

SSPCA.

As a baseline, we also plot the classification score that we

obtain when we directly apply k-NN on the raw data, with-

out preprocessing. Because of its local dictionary, SSPCA

proves to be more robust to occlusions and therefore out-

performs the other methods on this classification task. On

the other hand, SPCA, that yields sparsity without a struc-

tured prior, performs poorly. Sharing structure across the

dictionary elements (see Section 3.2) seems to help SPCA

for which no structure information is otherwise available.

The goal of our paper is not to compete with state-of-the-art

techniques of face recognition, but to demonstrate the im-

provement obtained between the ℓ1 norm and more struc-

tured norms. We could still improve upon our results using

non-linear classification (e.g., with a SVM) or by refining
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Face recognition: classifying occluded faces

First split the data into 2 parts, the occluded faces and
non-occluded ones.
For different sizes of the dictionary, we apply each of the
aforementioned dimensionality reduction techniques to the
non-occluded faces.
Keeping the learned dictionary V , we decompose both
non-occluded and occluded faces on V .
We then classify the occluded faces with a
k-nearest-neighbors classifier (k-NN), based on the
obtained low-dimensional representations U.
Given the size of the dictionary, we choose the number of
neighbor(s) and the amount of regularization λ by
cross-validation on the non-occluded faces.



Face recognition: classifying occluded faces
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Figure 3: Three learned dictionaries of faces with r = 36:
NMF (top), SSPCA (middle) and shared-SSPCA (bottom)

(i.e., SSPCA with |M| = 12 different patterns of size 3).
The dictionary elements are sorted in decreasing order of

explained variance. While NMF gives sparse spatially un-

constrained patterns, SSPCA finds convex areas that cor-

respond to more natural face segments. SSPCA captures

the left/right illuminations and retrieves pairs of symmetric

patterns. Some displayed patterns do not seem to be con-

vex, e.g., nonzero patterns located at two opposite corners

of the grid. However, a closer look at these dictionary el-

ements shows that convex shapes are indeed selected, and

that small numerical values (just as regularizing by ℓ2 norm
may lead to) give the visual impression of having zeroes in

convex nonzero patterns. This also shows that if a noncon-

vex pattern has to be selected, it will be, by considering its

convex hull.

We performed a Wilcoxon signed-rank (Lehmann and Ro-

mano, 2005) between the classification scores of NMF

and SSPCA, and for dictionary sizes greater than 100 (up

to 150), our approach performs better than NMF at the

5% significance level. For smaller dictionaries, NMF and

SSPCA perform similarly. The other methods, including

PCA and SPCA, obtained overall lower scores than NMF

and can also be shown to perform significantly worse than

SSPCA.

As a baseline, we also plot the classification score that we

obtain when we directly apply k-NN on the raw data, with-

out preprocessing. Because of its local dictionary, SSPCA

proves to be more robust to occlusions and therefore out-

performs the other methods on this classification task. On

the other hand, SPCA, that yields sparsity without a struc-

tured prior, performs poorly. Sharing structure across the

dictionary elements (see Section 3.2) seems to help SPCA

for which no structure information is otherwise available.

The goal of our paper is not to compete with state-of-the-art

techniques of face recognition, but to demonstrate the im-

provement obtained between the ℓ1 norm and more struc-

tured norms. We could still improve upon our results using

non-linear classification (e.g., with a SVM) or by refining

our features (e.g., with a Laplacian filter).
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Figure 4: Classification accuracy versus dictionary size:

each dimensionality reduction technique is used with k-NN

to classify occluded faces. SSPCA shows better robustness

to occlusions. The points, lower and upper error bars on

the curves respectively represent the median, first and third

quartile, based on 10 runs.


