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Background

Stochastic computation graphs: consider random variables x with
objective function

L(θ, φ) = Ex∼pφ(x)
[
f (x ; θ, φ)

]
(1)

The estimator of gradient w.r.t. φ with naive Monte Carlo samples

∇φL(θ, φ) = Ex∼pφ(x)
[
f (x ; θ, φ)∇φ log pφ(x) +∇φf (x ; θ, φ)

]
(2)

' 1
S

S∑
s=1

[
f (x s ; θ, φ)∇φ log pφ(x s) +∇φf (x s ; θ, φ)

]
(3)

where x s ∼ pφ(x)
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Variance Reduction Techniques

Reparmeterization Trick

x ∼ pφ(x)⇔ x = gφ(ε), ε ∼ p(ε) (4)

For example:

x ∼ N (µ, σ)⇔ x = µ+ σε, ε ∼ N (0, 1) (5)

The gradient estimation can be expressed as

∇φL(θ, φ) ' 1
S

S∑
s=1

[
∇φf (gφ(εs); θ, φ)

]
, εs ∼ p(ε) (6)

What about x ∼ Cat(π1, . . . , πk)?
Stochastic pooling/unpooling, sigmoid belief network, text GAN, . . .
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Gumbel-Softmax Distribution

Gumble-Max trick:

z ∼ Cat( α1∑
i αi

, . . . ,
αk∑
i αi

)⇔ z = argmax
i

[gi + logαi ] (7)

where α = {α1, . . . , αk} is an unnormalized parameterization with
αi ∈ [0,∞) where gi ∼ Gumbel(0, 1)

gi = − log(− log(ui)), ui ∼ Uniform(0, 1) (8)

Softmax approximation: Assume ẑ = one_hot(z) which can be
approximated by y with

yi = exp((gi + logαi)/λ)∑k
j=1 exp((gj + logαj)/λ)

(9)

We call y follows Concrete(α, λ) or Gumbel-Softmax(α, λ)
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Properties

Assume y ∼ Gumbel-Softmax(α, λ), then y ∈ Rk and
1 Reparameterization: yi = exp((gi +logαi )/λ)∑k

j=1
exp((gj +logαj )/λ)

with gi ∼ Gumbel(0, 1)

2 Round: P(yi > yj for i 6= j) = αi/(
∑k

j=1 αj)
3 Zero temperature:P(limλ→0 yi = 1) = αi/(

∑k
j=1 αj)

4 Convex: If λ ≤ (k − 1)−1, then pα,λ(y) is log-convex in y .
Toy data example
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Experimental Results
Jang, et.al.

Table: Results for the structured output prediction (SBN) task and density
estimation (VAE) task (lower is better). λ = 1

SF DARN MuProp ST AST Gumbel-S
SBN (Bern.) 72.0 59.7 58.9 58.9 58.7 58.5
SBN (Cat.) 73.1 67.9 63.0 61.8 61.1 59.0
VAE (Bern.) 112.2 110.9 109.7 116.0 111.5 105.0
VAE (Cat.) 110.6 128.8 107.0 110.9 107.8 101.5
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Experimental Results
Jang, et.al.

Table: Semi-supervised classification and ELBO on MNIST with 100 labeled data
and 50000 unlabeled data. λ = max(0.5, exp((−3e − 5)× t)) where t is the
number of iterations.

ELBO Accuracy
Marginalization -106.8 92.6%
Gumbel -109.6 92.4%
ST Gumbel-Softmax -110.7 93.6%
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Experimental Results
Jang, et.al.
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Figure: (a) Comparison of training speed (steps/sec) between Gumbel-Softmax
and marginalization on a semi-supervised VAE. (b) Visualization of MNIST
analogies generated by varying style variable z across each row and class variable
y across each column.
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Experimental Results
Maddison, et.al.

Published as a conference paper at ICLR 2017

MNIST NLL Omniglot NLL

binary
model

Test Train Test Train

m Concrete VIMCO Concrete VIMCO Concrete VIMCO Concrete VIMCO

(200H
– 784V)

1 107.3 104.4 107.5 104.2 118.7 115.7 117.0 112.2
5 104.9 101.9 104.9 101.5 118.0 113.5 115.8 110.8
50 104.3 98.8 104.2 98.3 118.9 113.0 115.8 110.0

(200H
– 200H
– 784V)

1 102.1 92.9 102.3 91.7 116.3 109.2 114.4 104.8
5 99.9 91.7 100.0 90.8 116.0 107.5 113.5 103.6
50 99.5 90.7 99.4 89.7 117.0 108.1 113.9 103.6

(200H
∼784V)

1 92.1 93.8 91.2 91.5 108.4 116.4 103.6 110.3
5 89.5 91.4 88.1 88.6 107.5 118.2 101.4 102.3
50 88.5 89.3 86.4 86.5 108.1 116.0 100.5 100.8

(200H
∼200H
∼784V)

1 87.9 88.4 86.5 85.8 105.9 111.7 100.2 105.7
5 86.3 86.4 84.1 82.5 105.8 108.2 98.6 101.1
50 85.7 85.5 83.1 81.8 106.8 113.2 97.5 95.2

Table 1: Density estimation with binary latent variables. When m = 1, VIMCO stands for NVIL.

training/validation/testing sets. For Omniglot we sampled a fixed binarization and used the stan-
dard 24,345/8,070 split into training/testing sets. We report the negative log-likelihood (NLL) of the
discrete graph on the test data as the performance metric.

All of our models were neural networks with layers of n-ary discrete stochastic nodes with values
on the corners of the hypercube {−1, 1}log2(n). The distributions were parameterized by n real val-
ues logαk ∈ R, which we took to be the logits of a discrete random variable D ∼ Discrete(α)
with n states. Model descriptions are of the form “(200V–200H∼784V)”, read from left to right.
This describes the order of conditional sampling, again from left to right, with each integer repre-
senting the number of stochastic units in a layer. The letters V and H represent observed and latent
variables, respectively. If the leftmost layer is H, then it was sampled unconditionally from some
parameters. Conditioning functions are described by {–, ∼}, where “–” means a linear function
of the previous layer and “∼” means a non-linear function. A “layer” of these units is simply the
concatenation of some number of independent nodes whose parameters are determined as a function
the previous layer. For example a 240 binary layer is a factored distribution over the {−1, 1}240
hypercube. Whereas a 240 8-ary layer can be seen as a distribution over the same hypercube where
each of the 80 triples of units are sampled independently from an 8 way discrete distribution over
{−1, 1}3. All models were initialized with the heuristic of Glorot & Bengio (2010) and optimized
using Adam (Kingma & Ba, 2014). All temperatures were fixed throughout training. Appendix D
for hyperparameter details.

5.2 DENSITY ESTIMATION

Density estimation, or generative modelling, is the problem of fitting the distribution of data. We
took the latent variable approach described in Section 2.4 and trained the models by optimizing the
variational objective Lm(θ, φ) given by Eq. 8 averaged uniformly over minibatches of data points
x. Both our generative models pθ(z, x) and variational distributions qφ(z | x) were parameterized
with neural networks as described above. We trained models with Lm(θ, φ) for m ∈ {1, 5, 50} and
approximated the NLL with L50,000(θ, φ) averaged uniformly over the whole dataset.

The results are shown in Table 1. In general, VIMCO outperformed Concrete relaxations for linear
models and Concrete relaxations outperformed VIMCO for non-linear models. We also tested the
effectiveness of Concrete relaxations on generative models with n-ary layers on the L5(θ, φ) ob-
jective. The best 4-ary model achieved test/train NLL 86.7/83.3, the best 8-ary achieved 87.4/84.6
with Concrete relaxations, more complete results in Appendix E. The relatively poor performance
of the 8-ary model may be because moving from 4 to 8 results in a more difficult objective without
much added capacity. As a control we trained n-ary models using logistic normals as relaxations of
discrete distributions (with retuned temperature hyperparameters). Because the discrete zero tem-
perature limit of logistic Normals is a multinomial probit whose mass function is not known, we
evaluated the discrete model by sampling from the discrete distribution parameterized by the logits
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Experimental Results
Maddison, et.al.

Published as a conference paper at ICLR 2017

binary
model

Test NLL Train NLL

m Concrete VIMCO Concrete VIMCO

(392V–240H
–240H–392V)

1 58.5 61.4 54.2 59.3
5 54.3 54.5 49.2 52.7
50 53.4 51.8 48.2 49.6

(392V–240H
–240H–240H
–392V)

1 56.3 59.7 51.6 58.4
5 52.7 53.5 46.9 51.6
50 52.0 50.2 45.9 47.9
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Figure 4: Results for structured prediction on MNIST comparing Concrete relaxations to VIMCO.
When m = 1 VIMCO stands for NVIL. The plot on the right shows the objective (lower is better)
for the continuous and discrete graph trained at temperatures λ. In the shaded region, units prefer to
communicate real values in the interior of (−1, 1) and the discretization suffers an integrality gap.

learned during training. The best 4-ary model achieved test/train NLL of 88.7/85.0, the best 8-ary
model achieved 89.1/85.1.

5.3 STRUCTURED OUTPUT PREDICTION

Structured output prediction is concerned with modelling the high-dimensional distribution of the
observation given a context and can be seen as conditional density estimation. We considered the
task of predicting the bottom half x1 of an image of an MNIST digit given its top half x2, as
introduced by Raiko et al. (2014). We followed Raiko et al. (2014) in using a model with layers of
discrete stochastic units between the context and the observation. Conditioned on the top half x2 the
network samples from a distribution pφ(z | x2) over layers of stochastic units z then predicts x1 by
sampling from a distribution pθ(x1 | z). The training objective for a single pair (x1, x2) is

LSPm (θ, φ) = E
Zi∼pφ(z|x2)

[
log

(
1

m

m∑

i=1

pθ(x1 | Zi)
)]

.

This objective is a special case ofLm(θ, φ) (Eq. 8) where we use the prior pφ(z|x2) as the variational
distribution. Thus, the objective is a lower bound on log pθ,φ(x1 | x2).

We trained the models by optimizing LSPm (θ, φ) for m ∈ {1, 5, 50} averaged uniformly over mini-
batches and evaluated them by computingLSP100(θ, φ) averaged uniformly over the entire dataset. The
results are shown in Figure 4. Concrete relaxations more uniformly outperformed VIMCO in this
instance. We also trained n-ary (392V–240H–240H–240H–392V) models on the LSP1 (θ, φ) objec-
tive using the best temperature hyperparameters from density estimation. 4-ary achieved a test/train
NLL of 55.4/46.0 and 8-ary achieved 54.7/44.8. As opposed to density estimation, increasing arity
uniformly improved the models. We also investigated the hypothesis that for higher temperatures
Concrete relaxations might prefer the interior of the interval to the boundary points {−1, 1}. Figure
4 was generated with binary (392V–240H–240H–240H–392V) model trained on LSP1 (θ, φ).

6 CONCLUSION

We introduced the Concrete distribution, a continuous relaxation of discrete random variables. The
Concrete distribution is a new distribution on the simplex with a closed form density parameterized
by a vector of positive location parameters and a positive temperature. Crucially, the zero temper-
ature limit of every Concrete distribution corresponds to a discrete distribution, and any discrete
distribution can be seen as the discretization of a Concrete one. The application we considered was
training stochastic computation graphs with discrete stochastic nodes. The gradients of Concrete
relaxations are biased with respect to the original discrete objective, but they are low variance un-
biased estimators of a continuous surrogate objective. We showed in a series of experiments that
stochastic nodes with Concrete distributions can be used effectively to optimize the parameters of
a stochastic computation graph with discrete stochastic nodes. We did not find that annealing or
automatically tuning the temperature was important for these experiments, but it remains interesting
and possibly valuable future work.
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