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Introduction

Let x ∈ Rd be random variables with prior p0(x), and D = {Dk}Nk=1
is a set of i.i.d. observation. Bayesian inference seek the posterior
distribution p(x|D) = p0(x)pθ(D|x)/

∫
p0(x)pθ(D|x)dx:

1 Sampling: Markov chain Monte Carlo(MCMC) ...
2 Variational inference: approximate p(x|D) with q(x)

Mean-field: q(x) =
∏d

i=1 q(x i )
Black box variational inference, e.g., VAE and Normalizing flow:
maximize the variational lower bound with stochastic gradient descent

(θ, φ) = argmax
θ,φ

Ex∼qφ(x)[log pθ(D|x)]− KL(qφ(x)‖p0(x)) (1)

Stein variational gradient descent: Minimize KL(q(x)‖p(x|D)) by
density transformation:

q(x) = qT ◦ qT−1 ◦ · · · ◦ q1 ◦ q0(x) (2)
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Stein variational gradient descent

Density transformation: assume x ∈ X is random variables with
distribution q(x) and z = T (x) where T : X → X is a smooth
transformation. The density of z is

qT (z) = q
(
T−1(z)

)
|det∇zT−1(z)| (3)

Theorem
Assume x is random variable drawn from distributions q(x). Consider the
transformation T (x) = x + εφ(x) and let qT (z) represent the distribution
of z = T (x). We have

∇ε
(
KL(qT‖p)

)
|ε=0 = −Ex∼q(x)

(
trace(Apφ(x))

)
, (4)

where Apφ(x) = ∇x log p(x)φ(x)T +∇xφ(x)
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Stein variational gradient descent

Lemma
Assume φ(x) lives in a reproducing kernel Hilbert space (RKHS) with
kernel k(·, ·), the direction of steepest descent that maximizes the gradient
in (4) is:

φ∗q,p(·) = Ex∼q[k(·, x)∇x log p(x) +∇xk(·, x)] , (5)

and the gradient ∇ε
(
KL(qT‖p)

)
|ε=0 = −‖φ∗q,p(x)‖2Hd

Theorem
Assume x is random variable drawn from distributions q(x) and
T (x) = x + f (x) where f (x) ∈ Hd lives in a RKHS. and let qT (z)
represent the distribution of z = T (x). We have

∇f
(
KL(qT‖p)

)
|f =0 = −φ∗q,p(x) . (6)
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Stein variational gradient descent

The expectation in (4) is approximated with samples.
A radial basis-function (RBF) kernel is employed, i.e.,
k(x, x ′) = exp(− 1

h‖x − x ′‖22), where the bandwidth, h, is the median
of pairwise distances between current samples.
Normalizing constant is not needed

∇x log p(x |D) = ∇x
(

log pθ(D|x) + log p0(x)
)

(7)

Algorithm 1 Bayesian Inference via Variational Gradient Descent
Input: A target distribution with density function p(x) and a set of initial particles {x0

i }ni=1.
Output: A set of particles {xi}ni=1 that approximates the target distribution.
for iteration ` do

x`+1
i ← x`i + ε`φ̂

∗(x`i) where φ̂∗(x) =
1

n

n∑

j=1

[
k(x`j , x)∇x`

j
log p(x`j) +∇x`

j
k(x`j , x)

]
, (8)

where ε` is the step size at the `-th iteration.
end for

distribution q0, and then iteratively update the particles with an empirical version of the transform in
(7) in which the expectation under q` in φ∗q`,p is approximated by the empirical mean of particles
{x`i}ni=1 at the `-th iteration. This procedure is summarized in Algorithm 1, which allows us to
(deterministically) transport a set of points to match our target distribution p(x), effectively providing
a sampling method for p(x). We can see that this procedure does not depend on the initial distribution
q0 at all, meaning that we can apply this procedure starting with a set of arbitrary points {xi}ni=1,
possibly generated by a complex (randomly or deterministic) black-box procedure.

We can expect that {x`i}ni=1 forms increasingly better approximation for q` as n increases. To
see this, denote by Φ the nonlinear map that takes the measure of q` and outputs that of q`+1 in
(7), that is, q`+1 = Φ`(q`), where q` enters the map through both q`[T ∗` ] and φ∗q`,p. Then, the
updates in Algorithm 1 can be seen as applying the same map Φ on the empirical measure q̂` of
particles {x`i} to get the empirical measure q̂`+1 of particles {x`+1

i } at the next iteration, that is,
q̂`+1 = Φ`(q̂`). Since q̂0 converges to q0 as n increases, q̂` should also converge to q` when the
map Φ is “continuous” in a proper sense. Rigorous theoretical results on such convergence have
been established in the mean field theory of interacting particle systems [e.g., 15], which in general
guarantee that

∑n
i=1 h(x`i)/n− Eq` [h(x)] = O(1/

√
n) for bounded testing functions h. In addition,

the distribution of each particle x`i0 , for any fixed i0, also tends to q`, and is independent with any
other finite subset of particles as n→∞, a phenomenon called propagation of chaos [16]. We leave
concrete theoretical analysis for future work.

Algorithm 1 mimics a gradient dynamics at the particle level, where the two terms in φ̂∗(x) in (8)
play different roles: the first term drives the particles towards the high probability areas of p(x)
by following a smoothed gradient direction, which is the weighted sum of the gradients of all the
points weighted by the kernel function. The second term acts as a repulsive force that prevents
all the points to collapse together into local modes of p(x); to see this, consider the RBF kernel
k(x, x′) = exp(− 1

h ||x − x′||2), the second term reduces to
∑
j

2
h (x − xj)k(xj , x), which drives

x away from its neighboring points xj that have large k(xj , x). If we let bandwidth h → 0, the
repulsive term vanishes, and update (8) reduces to a set of independent chains of typical gradient
ascent for maximizing log p(x) (i.e., MAP) and all the particles would collapse into the local modes.

Another interesting case is when we use only a single particle (n = 1), in which case Algorithm 1
reduces to a single chain of typical gradient ascent for MAP for any kernel that satisfies∇xk(x, x) = 0
(for which RBF holds). This suggests that our algorithm can generalize well for supervised learning
tasks even with a very small number n of particles, since gradient ascent for MAP (n = 1) has been
shown to be very successful in practice. This property distinguishes our particle method with the
typical Monte Carlo methods that requires to average over many points. The key difference here is
that we use a deterministic repulsive force, other than Monte Carlo randomness, to get diverse points
for distributional approximation.

Complexity and Efficient Implementation The major computation bottleneck in (8) lies on cal-
culating the gradient ∇x log p(x) for all the points {xi}ni=1; this is especially the case in big data
settings when p(x) ∝ p0(x)

∏
N
k=1p(Dk|x) with a very large N . We can conveniently address this

problem by approximating∇x log p(x) with subsampled mini-batches Ω ⊂ {1, . . . , N} of the data

∇x log p(x) ≈ log p0(x) +
N

|Ω|
∑

k∈Ω

log p(Dk | x). (9)

Additional speedup can be obtained by parallelizing the gradient evaluation of the n particles.

5
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Experiments: Toy Example on 1D Gaussian Mixture

Assume p(x) = 1/3N (−2, 1) + 2/3N (2, 1) and q0(x) = N (−10, 1)
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Figure 1: Toy example with 1D Gaussian mixture. The red dashed lines are the target density function
and the solid green lines are the densities of the particles at different iterations of our algorithm
(estimated using kernel density estimator) . Note that the initial distribution is set to have almost zero
overlap with the target distribution, and our method demonstrates the ability of escaping the local
mode on the left to recover the mode on the left that is further away. We use n = 100 particles.
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Stein Variational Gradient Descent

(a) Estimating E(x) (b) Estimating E(x2) (c) Estimating E(cos(ωx+ b))

Figure 2: We use the same setting as Figure 1, except varying the number n of particles. (a)-(c) show
the mean square errors when using the obtained particles to estimate expectation Ep(h(x)) for h(x) =
x, x2, and cos(ωx+ b); for cos(ωx+ b), we random draw ω ∼ N (0, 1) and b ∼ Uniform([0, 2π])
and report the average MSE over 20 random draws of ω and b.

particles are more spread out than i.i.d. samples due to the repulsive force, and hence give higher
estimation accuracy. It remains an open question to formally establish the error rate of our method.

Bayesian Logistic Regression We consider Bayesian logistic regression for binary classification
using the same setting as Gershman et al. [5], which assigns the regression weights w with a
Gaussian prior p0(w|α) = N (w,α−1) and p0(α) = Gamma(α, 1, 0.01). The inference is applied
on posterior p(x|D) with x = [w, logα]. We compared our algorithm with the no-U-turn sampler
(NUTS)1 [29] and non-parametric variational inference (NPV)2 [5] on the 8 datasets (N > 500) used
in Gershman et al. [5], and find they tend to give very similar results on these (relatively simple)
datasets; see Appendix for more details.

We further test the binary Covertype dataset3 with 581,012 data points and 54 features. This dataset
is too large, and a stochastic gradient descent is needed for speed. Because NUTS and NPV do
not have mini-batch option in their code, we instead compare with the stochastic gradient Langevin
dynamics (SGLD) by Welling and Teh [2], the particle mirror descent (PMD) by Dai et al. [7], and
the doubly stochastic variational inference (DSVI) by Titsias and Lázaro-Gredilla [19].4 We also
compare with a parallel version of SGLD that runs n parallel chains and take the last point of each
chain as the result. This parallel SGLD is similar with our method and we use the same step-size of
ε` = a/(t + 1).55 for both as suggested by Welling and Teh [2] for fair comparison; 5 we select a
using a validation set within the training set. For PMD, we use a step size of a

N /(100 +
√
t), and

RBF kernel k(x, x′) = exp(−||x− x′||2/h) with bandwidth h = 0.002×med2 which is based on
the guidance of Dai et al. [7] which we find works most efficiently for PMD. Figure 3(a)-(b) shows
the results when we initialize our method and both versions of SGLD using the prior p0(α)p0(w|α);
we find that PMD tends to be unstable with this initialization because it generates weights w with
large magnitudes, so we divided the initialized weights by 10 for PMD; as shown in Figure 3(a),
this gives some advantage to PMD in the initial stage. We find our method generally performs the
best, followed with the parallel SGLD, which is much better than its sequential counterpart; this
comparison is of course in favor of parallel SGLD, since each iteration of it requires n = 100 times of

1code: http://www.cs.princeton.edu/ mdhoffma/
2code: http://gershmanlab.webfactional.com/pubs/npv.v1.zip
3https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
4code: http://www.aueb.gr/users/mtitsias/code/dsvi_matlabv1.zip.
5We scale the gradient of SGLD by a factor of 1/n to make it match with the scale of our gradient in (8).
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Experiments: Bayesian Logistic Regression

Let s ∈ RK be the feature and y ∈ {0, 1} be the label with

p(y = 1|s) = σ(ωT s), ωk ∼ N (0, α−1), α ∼ Gamma(1, 0.01) (8)
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Figure 3: Results on Bayesian logistic regression on Covertype dataset w.r.t. epochs and the particle
size n. We use n = 100 particles for our method, parallel SGLD and PMD, and average the last 100
points for the sequential SGLD. The “particle-based” methods (solid lines) in principle require 100
times of likelihood evaluations compare with DVSI and sequential SGLD (dash lines) per iteration,
but are implemented efficiently using Matlab matrix operation (e.g., each iteration of parallel SGLD
is about 3 times slower than sequential SGLD). We partition the data into 80% for training and 20%
for testing and average on 50 random trials. A mini-batch size of 50 is used for all the algorithms.

likelihood evaluations compared with sequential SGLD. However, by leveraging the matrix operation
in MATLAB, we find that each iteration of parallel SGLD is only 3 times more expensive than
sequential SGLD.

Bayesian Neural Network We compare our algorithm with the probabilistic back-propagation
(PBP) algorithm by Hernández-Lobato and Adams [30] on Bayesian neural networks. Our experiment
settings are almost identity, except that we use a Gamma(1, 0.1) prior for the inverse covariances and
do not use the trick of scaling the input of the output layer. We use neural networks with one hidden
layers, and take 50 hidden units for most datasets, except that we take 100 units for Protein and Year
which are relatively large; all the datasets are randomly partitioned into 90% for training and 10% for
testing, and the results are averaged over 20 random trials, except for Protein and Year on which 5
and 1 trials are repeated, respectively. We use RELU(x) = max(0, x) as the active function, whose
weak derivative is I[x > 0] (Stein’s identity also holds for weak derivatives; see Stein et al. [31]).
PBP is repeated using the default setting of the authors’ code6. For our algorithm, we only use 20
particles, and use AdaGrad with momentum as what is standard in deep learning. The mini-batch
size is 100 except for Year on which we use 1000.

We find our algorithm consistently improves over PBP both in terms of the accuracy and speed (except
on Yacht); this is encouraging since PBP were specifically designed for Bayesian neural network. We
also find that our results are comparable with the more recent results reported on the same datasets
[e.g., 32–34] which leverage some advanced techniques that we can also benefit from.

Avg. Test RMSE Avg. Test LL Avg. Time (Secs)
Dataset PBP Our Method PBP Our Method PBP Ours
Boston 2.977± 0.093 2.957± 0.0992.957± 0.0992.957± 0.099 −2.579± 0.052 −2.504± 0.029−2.504± 0.029−2.504± 0.029 18 161616
Concrete 5.506± 0.103 5.324± 0.1045.324± 0.1045.324± 0.104 −3.137± 0.021 −3.082± 0.018−3.082± 0.018−3.082± 0.018 33 242424
Energy 1.734± 0.051 1.374± 0.0451.374± 0.0451.374± 0.045 −1.981± 0.028 −1.767± 0.024−1.767± 0.024−1.767± 0.024 25 212121
Kin8nm 0.098± 0.001 0.090± 0.0010.090± 0.0010.090± 0.001 0.901± 0.010 0.984± 0.0080.984± 0.0080.984± 0.008 118 414141
Naval 0.006± 0.000 0.004± 0.0000.004± 0.0000.004± 0.000 3.735± 0.004 4.089± 0.0124.089± 0.0124.089± 0.012 173 494949
Combined 4.052± 0.031 4.033± 0.0334.033± 0.0334.033± 0.033 −2.819± 0.008 −2.815± 0.008−2.815± 0.008−2.815± 0.008 136 515151
Protein 4.623± 0.009 4.606± 0.0134.606± 0.0134.606± 0.013 −2.950± 0.002 −2.947± 0.003−2.947± 0.003−2.947± 0.003 682 686868
Wine 0.614± 0.008 0.609± 0.0100.609± 0.0100.609± 0.010 −0.931± 0.014 −0.925± 0.014−0.925± 0.014−0.925± 0.014 26 222222
Yacht 0.778± 0.0420.778± 0.0420.778± 0.042 0.864± 0.052 −1.211± 0.044−1.211± 0.044−1.211± 0.044 −1.225± 0.042 25 25
Year 8.733±NA 8.684±NA8.684±NA8.684±NA −3.586±NA −3.580±NA−3.580±NA−3.580±NA 7777 684684684

6 Conclusion

We propose a simple general purpose variational inference algorithm for fast and scalable Bayesian
inference. Future directions include more theoretical understanding on our method, more practical
applications in deep learning models, and other potential applications of our basic Theorem in
Section 3.1.

6https://github.com/HIPS/Probabilistic-Backpropagation
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Experiments: Bayesian Neural Network

A feedforward neural netwok is employed with one hidden layer and
50 hidden units. The number of particles is set as 20. The proposed
algorithm is compared with probabilistic back-propagation (PBP).
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Figure 3: Results on Bayesian logistic regression on Covertype dataset w.r.t. epochs and the particle
size n. We use n = 100 particles for our method, parallel SGLD and PMD, and average the last 100
points for the sequential SGLD. The “particle-based” methods (solid lines) in principle require 100
times of likelihood evaluations compare with DVSI and sequential SGLD (dash lines) per iteration,
but are implemented efficiently using Matlab matrix operation (e.g., each iteration of parallel SGLD
is about 3 times slower than sequential SGLD). We partition the data into 80% for training and 20%
for testing and average on 50 random trials. A mini-batch size of 50 is used for all the algorithms.

likelihood evaluations compared with sequential SGLD. However, by leveraging the matrix operation
in MATLAB, we find that each iteration of parallel SGLD is only 3 times more expensive than
sequential SGLD.
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(PBP) algorithm by Hernández-Lobato and Adams [30] on Bayesian neural networks. Our experiment
settings are almost identity, except that we use a Gamma(1, 0.1) prior for the inverse covariances and
do not use the trick of scaling the input of the output layer. We use neural networks with one hidden
layers, and take 50 hidden units for most datasets, except that we take 100 units for Protein and Year
which are relatively large; all the datasets are randomly partitioned into 90% for training and 10% for
testing, and the results are averaged over 20 random trials, except for Protein and Year on which 5
and 1 trials are repeated, respectively. We use RELU(x) = max(0, x) as the active function, whose
weak derivative is I[x > 0] (Stein’s identity also holds for weak derivatives; see Stein et al. [31]).
PBP is repeated using the default setting of the authors’ code6. For our algorithm, we only use 20
particles, and use AdaGrad with momentum as what is standard in deep learning. The mini-batch
size is 100 except for Year on which we use 1000.

We find our algorithm consistently improves over PBP both in terms of the accuracy and speed (except
on Yacht); this is encouraging since PBP were specifically designed for Bayesian neural network. We
also find that our results are comparable with the more recent results reported on the same datasets
[e.g., 32–34] which leverage some advanced techniques that we can also benefit from.

Avg. Test RMSE Avg. Test LL Avg. Time (Secs)
Dataset PBP Our Method PBP Our Method PBP Ours
Boston 2.977± 0.093 2.957± 0.0992.957± 0.0992.957± 0.099 −2.579± 0.052 −2.504± 0.029−2.504± 0.029−2.504± 0.029 18 161616
Concrete 5.506± 0.103 5.324± 0.1045.324± 0.1045.324± 0.104 −3.137± 0.021 −3.082± 0.018−3.082± 0.018−3.082± 0.018 33 242424
Energy 1.734± 0.051 1.374± 0.0451.374± 0.0451.374± 0.045 −1.981± 0.028 −1.767± 0.024−1.767± 0.024−1.767± 0.024 25 212121
Kin8nm 0.098± 0.001 0.090± 0.0010.090± 0.0010.090± 0.001 0.901± 0.010 0.984± 0.0080.984± 0.0080.984± 0.008 118 414141
Naval 0.006± 0.000 0.004± 0.0000.004± 0.0000.004± 0.000 3.735± 0.004 4.089± 0.0124.089± 0.0124.089± 0.012 173 494949
Combined 4.052± 0.031 4.033± 0.0334.033± 0.0334.033± 0.033 −2.819± 0.008 −2.815± 0.008−2.815± 0.008−2.815± 0.008 136 515151
Protein 4.623± 0.009 4.606± 0.0134.606± 0.0134.606± 0.013 −2.950± 0.002 −2.947± 0.003−2.947± 0.003−2.947± 0.003 682 686868
Wine 0.614± 0.008 0.609± 0.0100.609± 0.0100.609± 0.010 −0.931± 0.014 −0.925± 0.014−0.925± 0.014−0.925± 0.014 26 222222
Yacht 0.778± 0.0420.778± 0.0420.778± 0.042 0.864± 0.052 −1.211± 0.044−1.211± 0.044−1.211± 0.044 −1.225± 0.042 25 25
Year 8.733±NA 8.684±NA8.684±NA8.684±NA −3.586±NA −3.580±NA−3.580±NA−3.580±NA 7777 684684684

6 Conclusion

We propose a simple general purpose variational inference algorithm for fast and scalable Bayesian
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