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Introduction

Financial returns data.
• The distribution of return is not normal (high peak and heavy

tails)
• The autocorrelations of returns are often insignificant.
• Clustering behavior. Larger changes in the price are often

followed by other large changes

xt = Yt − Yt−1, xt is the return and Yt is the stock price at time t .



Review of GARCH and BEKK

Model the time-dependent volatility (variance)
Autoregressive Conditional Heteroskedasticity (ARCH) model:

xt ∼ N (0, σ2
t )

σ2
t = a0 +

∑q
j=1 αjx2

t−j

Generlized Autoregressive Conditional Heteroskedasticity
(GARCH) model:

xt ∼ N (0, σ2
t )

σ2
t = a0 +

∑q
j=1 αjx2

t−j +
∑p

i=1 βiσ
2
t−i



Review of GARCH and BEKK

BEKK model (multivariate extension of GARCH):

xt ∼ N (0,Σt)
Σt = CT C +

∑q
j=1 BT

j xt−jxT
t−jBj +

∑p
i=1 AT

i Σt−iAi

Ai and Bj are d × d coefficient matrices for d dimensional data. C
is a triangular matrix.
• Restricted version: set p and q to 1 and constrain matrix A1

and B1 to be diagonal.
• Model xt using a multivariate student-t distribution.



Bayesian Multivariate Dynamic Covariance
models

Major limitation of BEKK is that the matrices A, B, C assume to be
constant. The BMDC model fix this as following:

xt ∼ N (0,Σt)
Σt = CT

t Ct + BT
t xt−1xT

t−1Bt + AT
t Σt−1At

at ∼ N (at−1, α
2I)

bt ∼ N (bt−1, β
2I)

ct ∼ N (ct−1, γ
2I)

α ∼ N (κ, τ), β ∼ N (κ, τ), γ ∼ N (κ, τ)

Sequential Monte Carlo for doing online inference of this nonlinear
and nongaussian (if use student-t distribution) model.



Introduction to Sequential Monte Carlo (Particle
Filter)

* Change notation to consistent with most of the SMC literatures.
Model set up
Denote sequentially observed data vector yt , the state vector xt

and the parameter vector θ. Specify the model with the
observation density p(yt |xt ,θ) and p(xt |xt−1,θ).
Example

yt = Axt + Σt ; xt = Bxt−1 + Λt

Aim
Sequentially update the Monte Carlo approximation of the
posterior distributions p(x1:t ,θ|y1:t).



Introduction to Sequential Monte Carlo

Monte Carlo method
If we can draw N independent samples from p(x1:t |y1:t), can
approximate the posterior with

p̂(x1:t |y1:t) =
1
N

N∑
i=1

δX (i)
1:t

(x1:t) (1)

Important sampling
Given a proposed distribution π(x1:t |y1:t), draw sample
{x(i)

1:t}i=1,...,N from the distribution.

p̂(x1:t |y1:t) = 1
N

∑N
i=1 ŵ i

t δX (i)
1:t

(x1:t)

whereŵ (i)
t =

w(x(i)
1:t )∑N

j=1 w(x(j)
1:t )

wt(x1:t) = p(x1:t |y1:t )

π(x1:t |y1:t )



Introduction to Sequential Monte Carlo

Sequential Important Sampling
Modify the algorithm to compute the estimate of p̂(x1:t+1|y1:t+1)

without modifying the past sample path {x(i)
1:t}i=1,...,N . we may

need recursive important function

π(x1:t+1|y1:t+1) = π(x1)
∏t+1

k=2 π(xk |x1:k−1, y1:k )

We can evaluate the weights recursively

ŵ (i)
t+1 ∝ ŵ (i)

t
p(yt+1|x

(i)
t+1)p(x

(i)
t+1|x

(i)
t )

π(x(i)
t+1|x

(i)
1:t ,y1:t+1)

Special case π(x1:t+1|y1:t+1) = p(x1:t+1) = p(x1)
∏t+1

k=1 p(xk+1|xk )

Weights ŵ (i)
t+1 ∝ ŵ (i)

t p(yt+1|x
(i)
t+1)



Introduction to Sequential Monte Carlo

Resampling
As t increase, all the mass concentrate on a few particles and
most of importance weight ŵ (i)

t ≈ 0.

Eliminate the particles having low importance weights and to
multiply particles have high importance weights.

Resampling with replacement N particles (x̂(i)
1:t+1, i = 1, ...,N) from

the set (x(i)
1:t+1, i = 1, ...,N) with the importance weight ŵ (i)

t+1.
(bootstrap filter)



Introduction to Sequential Monte Carlo

At time t = 1

• Sample X(i)
1 ∼ π(x1)

• Compute the weights w1(X (i)
1 ) and ŵ (i)

1 ∝ w1(X(i)
1 )

• Resample {W(i)
1 ,X

(i)
1 } to obtain N equally weighted particles

{ 1
N , X̄

(i)
1 }

At time t ≥ 2

• Sample X(i)
t ∼ π(xt |X̄

(i)
1:t−1) and set X(i)

1:t ← (X̄
(i)
1:t−1,X

(i)
t )

• Compute the weights αt(X
(i)
1:t) and ŵ (i)

t ∝ αt(X
(i)
1:t)

• Resample {W(i)
t ,X

(i)
1:t} to obtain N equally weighted particles

{ 1
N , X̄

(i)
1:t}



Introduction to Sequential Monte Carlo

Extension

• Regularized Particle filter. Allow joint learning the state xt and
the parameter θ

• Auxiliary Particle filter. Interchange the important sampling
and resampling step to achieve better performance



Inference with Sequential Monte Carlo



Experiment Results

Dataset

• Daily foreign exchange , maximum 5 different currency, 780 returns from January

2008-January 2011

• Intraday foreign exchange time series, 5000 returns

One step forward predictive likelihood.



Experiment Results

Log predictive density using full posterior

much flatter and thereby heavy-tailed than

using the posterior mean.

Average predictive log-likelihood against

the number of observation



Experiment Results

Sensitivity of the model to the number of particles

Compare with Generlized Wishart Process Model


