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Abstract

High dimensional and highly correlated data leading to non- or weakly-identified ef-

fects are commonplace. Maximum likelihood will typically fail in such situations and

a variety of shrinkage methods have been proposed. Standard techniques, such as

ridge regression or the lasso, shrink estimates toward zero, with some approaches al-

lowing coefficients to be selected out of the model by achieving a value of zero. When

substantive information is available, estimates can be shrunk to non-null values; how-

ever, such information may not be available. We propose a Bayesian semi-parametric

approach that allows shrinkage to multiple locations. Coefficients are given a mixture

of heavy tailed double exponential priors, with location and scale parameters assigned

Dirichlet process hyperpriors to allow groups of coefficients to be shrunk toward the

same, possibly non-zero, mean. Our approach favors sparse, but flexible structure, by

shrinking towards a small number of random locations. The methods are illustrated

using a study of genetic polymorphisms and multiple myeloma.

Key Words: Dirichlet process, Hierarchical model, Lasso, MCMC, Mixture model,

Nonparametric; Regularization, Shrinkage prior
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1. Introduction

Researchers in many disciplines routinely collect data for high-dimensional, and po-

tentially highly-correlated, predictors. In studies relating genetic polymorphisms to

phenotypic outcomes, advances in genotyping technologies have made large dimen-

sional data commonplace, with the number of predictors typically exceeding the num-

ber of observations. Inexpensive microarray chips with the ability to genotype even

larger numbers of single nucleotide polymorphisms (SNPs) will make this problem

much more severe in the near future (Thomas et al., 2005). Often, the effects of the

predictors will not be estimable without the incorporation of prior information. The

focus of this article is on the use of shrinkage to address this problem.

It has long been known that shrinkage, or regularization, can improve estimation

performance, reducing mean square error while introducing bias (Hoerl and Kennard,

1970b). This is true even in low dimensions, though the impact is particularly ap-

parent in higher dimensional models. Shrinkage estimators typically have a Bayesian

interpretation, with different estimators corresponding to different priors. Ridge re-

gression (Hoerl and Kennard, 1970a,b) is obtained using independent normal priors

centered at zero, with the degree of shrinkage controlled by the prior variance. Re-

placing the normal prior with a double exponential (Laplace) distribution centered

at zero results in the lasso procedure of Tibshirani (1996). The double exponential

prior concentrates more of its mass near zero, but also has heavier tails. This fa-

vors a sparse structure, with many of the coefficients having values close to zero and

few with large values. In addition, maximum a posteriori (MAP) estimates under

the Laplace prior can take zero values, allowing variable selection, though posterior

means or medians do not exhibit this property (Park and Casella, 2005).

There is a rich recent literature on shrinkage methods for high dimensional predic-

tors. Griffin and Brown (2006) extend the lasso by expressing the double exponential
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distribution as a scale mixture of normals, with hyperpriors used to allow data adap-

tive prior choice. Relevance vector machines (Tipping, 2001) are an extension of ridge

regression in which hyperprior variances specific to each coefficient are estimated us-

ing type II maximum likelihood to promote sparsity. Gelman et al. (2006) proposed

independent heavy tailed Cauchy priors as a default shrinkage procedure. Model

selection and shrinkage have also been achieved by assuming a mixture model for

the prior distribution; typically a normal prior and a point mass at zero, such as in

Geweke (1996). The mixture prior allows a coefficient to have positive probability of

being zero (and dropping out of the model) or else being shrunk toward the normal

prior.

The common theme of these methods is shrinkage towards a single prior mean,

which is most commonly chosen as zero. Individual coefficients could be shrunk

toward their own individual prior means, when sufficient prior knowledge is avail-

able. Alternatively, coefficients could be assumed exchangeable within pre-specified

groups, allowing coefficients in each group to be shrunk toward different means as

in Witte et al. (1994) and Greenland (1992, 1994). However, these approaches as-

sume significant prior knowledge, which will be lacking in many instances. George

(1986a,b,c) proposes a minimax multiple shrinkage estimator that is a mixture of

James-Stein estimators and allows coefficients to shrink towards a fixed number of

locations. Previous research by Dunson et al. (2007), MacLehose et al. (2007) and

Dahl and Newton (2007) attempts to cluster coefficients for different predictors after

standardization in order to borrow strength. Do et al. (2005) used Dirichlet mixture

models and Loennstedt and Britton (2005) used parametric hierarchical models to

allow shrinkage to two fixed means in gene expression studies.

In this paper, we propose a fundamentally different approach, which uses a

Bayesian semiparametric hierarchical model to allow shrinkage of coefficients toward
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multiple prior means, with the locations of these means unknown. By placing a

Dirichlet process (DP) prior (Ferguson, 1974) on the unknown mean and scale pa-

rameters, we induce clustering into a small number of groups with the degree of

shrinkage varying across groups. In order to develop an efficient approach for pos-

terior computation, which can be feasibly implemented even for very large numbers

of predictors, we rely on a retrospective MCMC algorithm related to that proposed

recently by Papaspiliopoulos and Roberts (2007).

In section 2 we introduce the proposed hierarchical structure. In section 3 we

outline the MCMC algorithm. Section 4 presents simulated data results, while Section

5 implements the model in a commonly-used diabetes dataset. Section 6 applies the

approach to a dataset with p >> n: an analysis of SNP data on early versus late

onset multiple myeloma. Section 7 contains a discussion.

2. Semi-Parametric Multiple Shrinkage Priors

2.1 Model and Prior Formulation

Suppose we collect data (yi,xi), i = 1 . . . n, where xi is a p×1 vector of predictors

(with p possibly much larger than n) and yi is a binary outcome. A standard approach

is to estimate the coefficients β = (β1, . . . , βp)
′ in a regression model (we focus on

the most common model in epidemiologic studies, a logistic regression for a binary

outcome; however, extensions to other generalized linear models are straightforward):

Logit{Pr(yi = 1|xi)} = γ + x′iβ. (1)

For large p, maximum likelihood estimates will tend to have high variance and may

not be unique. However, to regularize expression 1, we could incorporate a penalty

by using a lasso prior π(β) =
∏p

j=1 DE(βj | 0, τ). Here, DE denotes a double expo-

nential distribution with location parameter 0 and scale parameter τ . This model is

easily implemented in a Bayesian setting by recognizing that the double exponential
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distribution is equivalent to a scale mixture of normals as shown in West (1987),

DE(βj | 0, τ) =

∫ ∞
0

N(βj | 0, λj) Exp(λj | 2/τ)dλj, (2)

where Exp(· | 2/τ) denotes an exponential distribution with mean 2/τ . If a data

augmentation step is implemented for the binary outcome (Albert and Chib, 1993;

O’Brien and Dunson, 2004), the conditional distributions implied by expression 2 are

conjugate and a MCMC sampling algorithm is straightforward to implement, similar

to that in Park and Casella (2005).

The prior distribution in expression 2 induces shrinkage toward the prior mean of

zero; however, in many situations shrinkage toward non-null values will be beneficial.

We extend the lasso model specification by introducing a mixture prior with separate

prior location and scale parameters for each coefficient: π(β) =
∏p

j=1DE(βj |µj, τj).

Because it tends to be unclear how best to choose the hyperparameters subjectively,

we allow the data to play more of a role in their choice while favoring sparsity through

the use of a carefully-tailored hyperprior. This is accomplished through a Dirichlet

process (DP) prior, which is non-parametric and allows clustering of parameters to

help reduce dimensionality. Our proposed prior structure can then be summarized as

follows:

βj ∼ N(βj |µj, λj)

λj ∼ Exp(λj | 2/τj)

(µj, τj) ∼ πδ(µj | 0)×Gamma(τj | a0, b0) + (1− π)D

π ∼ Beta(π | 1, α)

D ∼ DP(αD0)

D0 ≡ N(µj | c, d)×Gamma(τj | a1, b1), (3)

where δ(µj | 0) indicates that the random variable µj has a degenerate distribution
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with all its mass at 0. Thus, with probability π a coefficient is shrunk toward zero

as in standard lasso estimation. With probability 1 − π the coefficient is shrunk

toward non-zero mean, µj. The amount of shrinkage a coefficient exhibits toward its

prior mean is determined by τj, with larger values resulting in greater shrinkage. The

Gamma distribution is parameterized as Gamma(τ | a, b) = 1/[baΓ(a)]τa−1exp[−τ/b]

and has mean of a × b. We can specify a0 and b0 to give support to larger values of

τj in order to allow strong shrinkage to 0 and a1 and b1 to give support to smaller

values of τj to allow less shrinkage toward non-zero prior locations.

Because the DP prior implies that D is almost surely discrete, the prior will au-

tomatically group the p coefficient-specific hyperparameter values, {µj, τj}pj=1, into p∗

clusters, {µ∗j , τ ∗j }
p∗

j=1, with p∗ ≤ p. One of these clusters will most likely correspond

to µj = 0, while the other clusters will not have zero means and will vary in the

precision parameter and hence the degree of shrinkage. The prior on the number of

clusters is controlled by α, with smaller values favoring fewer clusters. However, the

data are strongly informative about the number of clusters and the cluster-specific

hyperparameters, so we obtain a procedure that adaptively shrinks coefficients to-

ward non-zero locations to an extent suggested by the available data. The clustering

property of the DP prior in expression 3 can seen more clearly when expressed in

equivalent stick breaking (Sethuraman, 1994) form:

βj ∼ N(βj |µ∗kj
, λj)

λj ∼ Exp(λj | 2/τ ∗kj
)

kj ∼
∞∑
t=1

πtδ(kj | t)

(µ∗t , τ
∗
t ) ∼


δ(µ∗t | 0)×Gamma(τ ∗t | a0, b0) if t=1

N(µ∗t | c, d)×Gamma(τ ∗t | a1, b1) if t > 1

(4)
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An infinite number of (µ∗t , τ
∗
t ) are drawn from their prior distribution and the variable

kj indexes which of these bins the jth coefficient’s prior parameters fall into. Coeffi-

cients whose prior parameters fall into the first bin (occurring with prior probability

π1) have a standard lasso prior that shrinks toward zero. The prior probability of

falling into the tth, with t > 1, bin which has nonzero mean is πt. The random vari-

able πt is constructed through a stick-breaking process: πt = Vt
∏

h<t(1 − Vh) and

Vt ∼ Beta(Vt | 1, α). Figure 1 shows a random draw from the prior distribution for

one predictor-specific coefficient.

Both the prior locations and scales of the coefficients are clustered. Thus, if a

number of coefficients fall into the same bin, the extent toward which they will be

shrunk toward the prior mean of that bin, will depend, in part, on how similar the

coefficients are to that prior mean. Note that although an infinite number of locations

and scales can be drawn, in practice this type of prior encourages sparsity (for small

α) since the number of clusters increases more slowly than the number of coefficients

and only the first few locations have probability that is noticeably different from

zero. By choosing a relatively large value of d we can give support to a wide range of

possible prior means, allowing a great deal of flexibility in the model. Thus, unlike

previous methods that shrink coefficients to fixed locations, the method we propose

allows shrinkage toward an unknown number of prior means, allowing the locations

of those prior means to be flexible but encouraging the total number of locations to

be very small relative to the number of predictors.

2.2 Default Prior Specification

Prior specification is an important aspect of any Bayesian model. In many cases,

substantive information may be used to inform hyperparameter values. However, we

recommend standard priors that can be implemented to result in a relatively default

regression technique (cf. Gelman et al. (2006)) that can be run in a wide variety of
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situations, including those with little prior information. Clustering coefficients for

predictors having different scales is unappealing, so we suggest standardizing pre-

dictors. However, in most biomedical applications with very many predictors these

predictors will tend to be collected on the same scale. For example, indicators of

genotypes at different loci intrinsically have the same scale.

To specify a0 and b0, the hyperpriors for Double Exponential prior with mean

fixed at zero, we assume that any βj falling within some ε of zero will be viewed as

having no meaningful biologic effect. That is, we treat the double exponential prior

distribution with mean fixed at zero as a null cluster and coefficients assigned to that

cluster should have values sufficiently close to zero to be treated as a null result. With

this in mind, we choose a0 and b0 such that
∫ ε
−εDE(βj | 0, τj) = z where z is the prior

probability that a coefficient chosen randomly from the null bin has a null effect. For

instance, if z = 0.95 and ε = 0.1, then values of a0 = b0 = 30 guarantee that 95% of

coefficients drawn from this bin will have an effect that is viewed as indistinguishable

from the null. Values of a1 and b1 need to be specified for the priors on the scale

parameter for the non-null bins. We recommend choosing smaller values for these

hyperparameters that are large enough to encourage shrinkage but not so large as to

overwhelm the data and arbitrarily force a huge number of bins to be generated. We

specify default priors for the Gamma distribution as a1 = b1 = 6.5, so the DE prior

has prior credible intervals of unit width. This is a robust choice allowing the data

to inform about the amount of shrinkage. We set α = 1, a common default in DP

models.

We suggest setting the parameters c and d, the prior mean and variance for the

location parameter portion of the base distribution for the DP, so that the µp have

support over a wide range of values. Setting c = 0, we choose d = 4 such that

we assign 95% probability to a very wide range of reasonable prior effects. In some
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instances, particularly in epidemiology, prior knowledge may indicate that an effect

larger that some value U is very unlikely. In this instance we recommend setting

d = (U/1.96)2. However, unless prior knowledge suggests otherwise, we recommend

against setting d too large as it may impede convergence by proposing prior locations

at unlikely locations.

2.3 Multiple Testing

In many applied settings, a decision will need to be made about the effect of

some variable. In genetic settings, researchers will typically need to decide whether

certain SNPs require further study. We outline a general procedure for flagging pre-

dictors using the output of the MCMC algorithm. Müller et al. (2004) consider a

variety of loss functions and demonstrate the optimal approach is to flag an effect

when its posterior probability exceeds some threshold. Let Hj = 0 indicate that the

null hypothesis is true for the jth predictor and Hj = 1, otherwise. We estimate

πj = Pr(Hj = 1|data) from our model by assuming that |βj| < ε is null, for scien-

tific purposes. Then, πj =
∑G

g=1 I(|βgj | > ε)/G where G is the number of MCMC

iterations, βgj is the gth MCMC iterate for the jth coefficient and I is an indicator

function. We can estimate the posterior expected false discovery rate (FDR) for a

threshold, c, as less than or equal to
∑

j(1 − πj)I(πj > c)/
∑

j I(πj > c). Typically,

the threshold will be chosen as the smallest value such that the FDR is less than or

equal to some meaningful value such as 20% or 50%. An alternative to this approach

is to simply list the predictors ordered by their posterior probabilities of Hj = 1. In

genomics applications, this allows investigators to identify promising genes for futher

study, which is a common goal in analyzing high-throughput data.

3: Posterior Computation

Our approach initially augments the data using the O’Brien and Dunson (2004) al-
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gorithm by assuming the outcome yi = 1 occurs when a latent variable, gi > 0. We

assume gi = X ′iβ+ εi/φi, where εi ∼ N(0, σ2) and φi ∼ gamma(ν/2, 2/ν). This scale

mixture of normals with σ2 = π2(ν−2)/3ν and ν = 7.3 is a near exact representation

of the logistic distribution. The data augmentation approach allows this algorithm to

be easily modified for other regression models, such as probit or linear. We propose

a Metropolis within Gibbs sampling algorithm that proceeds through the following

steps:

1a. Augment the data with g = (g1 . . . gn)′ sampled from f(gi|yi,β, φi)

f(gi|yi = 1,β, φi) = N+(gi|x′iβ, σ2/φi)

f(gi|yi = 0,β, φi) = N−(gi|x′iβ, σ2/φi) (5)

where N+ is a normal distribution truncated to the left of 0 and N− is truncated to

the right of 0.

1b. Update φi by sampling from f(φi|β, gi).

f(φi|β, gi) = Gamma

(
φi|
ν + 1

2
,

2

ν + (gi − xiβ)2/σ2

)
(6)

2. Use the current estimates of µ = (µ∗k1 . . . µ
∗
kP

)′ to update the regression coef-

ficients. Assume the intercept, γ has prior distribution N(γ | γ0, λ0) with γ0 and λ0

fixed hyperpriors. Let µ0 = (γ0,µ
∗′)′, β0 = (γ,β′)′ and X be the n× (p+ 1) design

matrix with first column equal to 1. Then we update by sampling from

f(β0 |Γ,Λ,µ0, g) = N(β0 |Eβ, Vβ) (7)

where Vβ = (X ′Γ−1X + Λ−1)−1 and Eβ = Vβ(X ′Γ−1g + Λ−1µ0). The matrix Λ is

a (p+ 1)× (p+ 1) diagonal matrix with jth element λj−1, and Γ is an n× n diagonal

matrix with ith element σ2/φi.
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3. Update the mixing parameter, λj.

f(λj | βj, µ∗kj
, τ ∗kj

) ∝ (λj)
−1/2exp

[
− 1

2

(
(βj − µ∗kj

)2

λj
+ λjτ

∗
kj

)]
∝ 1

iG(λj |
√

τ∗kj

(βj−µ∗kj
)2
, τ ∗kj

)

(8)

where iG is the inverse Gaussian distribution, iG(y | a, b) =
√

b
2π
y−3/2exp[− b

2y
(y
a
−1)2]

with mean a and variance a3/b. Samples can be drawn from an inverse Gaussian

distribution as in Chhikara and Folks (1989).

4. We then update the prior location and scale parameters using a modified

version of the retrospective stick breaking algorithm proposed by Papaspiliopoulos

and Roberts (2007). The stick breaking form of the DP in expression 4 cannot

be updated directly through a MCMC sampler because of the infinite dimension

classification variable. Instead, the retrospective algorithm recognizes that the p

prior location and scale parameters will fall in the first p∗ bins (with p∗ ≤ p and

typically p∗ << p) thus only the probability of falling into those bins needs to be

updated. The variable p∗ is allowed to grow or shrink as needed in the algorithm.

4a. Sample (µ∗1, τ
∗
1 ) . . . (µ∗p∗ , τ

∗
p∗) from their conditional posterior distribution. Set

p∗ = max(K) where K = (k1 . . . kp) and defines which of the p∗ bins each of the p

priors locations and scales are currently assigned. For instance, k1 = 2 would indicate

that the prior location and scale parameters for the first coefficient are (µ∗2, τ
∗
2 ). We

define the number of predictors that fall in the tth bin as mt. Begin by updating µt.

Since the prior for µ1 has unit probability mass at 0, the posterior distribution is

f(µ∗1 | τ ∗1 ,β) = δ(µ1 | 0). The conditional posterior for the scale parameter in the first
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bin is given by:

f(τ ∗1 |λ,K) ∝ Gamma(τ ∗1 | a0, b0)
∏
j:kj=1

Exp(λj |
2

τ ∗1
)

∝ Gamma

(
τ ∗1 |m1 + a0,

1∑
j:kj=1 λj/2 + 1/b0

)
(9)

For subsequent bins, t > 1, the conditional posteriors are given by:

f(µ∗t | τ ∗t ,β,K) ∝ N(µ∗t | c, d)
∏
j:kj=t

N(βj |µ∗t , λj)

∝ N(µ∗t | Êµt , V̂µt) (10)

f(τ ∗t |λ,K) ∝ Gamma

(
τ ∗t |mt + a1,

1∑
j:kj=t

λj/2 + 1/b1

)
(11)

where V̂µt = (1/d+
∑

j:kj=t
1/λj)

−1 and Êµt = V̂µt(c/d+
∑

j:kj=t
βj/λj). Potentially, no

coefficients will belong to one of the bins and in this case, sampling (µ∗t , τ
∗
t ) amounts

to sampling from the prior distribution, N(µ∗t | c, d)×Gamma(τ ∗t | a1, b1).

4b. Sample Vt from f(Vt|K, α) and generate πt using the stick breaking formula

above.

f(Vt|K, α) ∼ Beta(mt + 1, p−
t∑
l=1

ml + α)

πt =
t−1∏
h=1

(1− πh)Vt (12)

4c. Update the vector of coefficient configurations, K, using a Metropolis step.

To generate a proposal configuration, we calculate the posterior probability of the jth

predictor falling in the lth bin as:

qj(l) ∝


πl N(βj |µ∗l , λj)Exp(λj | 2

τ∗l
) for l ≤ max(K)

πlMj(K) for l > max(K)

(13)

Following the recommendation of Papaspiliopoulos and Roberts (2007) we specify

Mj(p
∗) = max(N(βj |µ∗l , λj)Exp(λj | 2

τ∗l
) , l ≤ max(K)) and the normalizing constant

for qj is nj(K) =
∑max(K)

l=1 qj(l) +Mj(K)(1−
∑max(K)

l=1 πl).
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To determine the proposal configuration for the jth prior, we sample Uj ∼ Uniform(0, 1)

and propose to move into bin b, where the probability of falling into bin k is qj(l).

If Uj >
∑max(K)

l=1 qj(l), let p∗ = p∗ + 1 and draw new values of (µ∗p∗ , τ
∗
p∗) from their

prior distributions until Uj ≤
∑max(K)

l=1 qj(l).

We now have a proposed configuration K ′ = (k1, . . . , kj−1, l, kj+1 . . . , kp) for mov-

ing the jth coefficient to bin l. We accept the move from configuration K to configu-

ration K ′ with probability:

1 if l ≤ max(K) and max(K) = max(K ′)

min

(
1,
n(K)

n(K ′)

Mj(K
′)

N(βj |µ∗kj
, λj)Exp(λj | 2

τ∗kj

)

)
if l ≤ max(K) and max(K ′) < max(K)

min

(
1,
n(K)

n(K ′)

N(βt |µ∗l , λj)Exp(λj | 2
τ∗l

)

Mj(K)

)
if l > max(K)

We iterate through these steps until convergence is achieved, excluding an initial

number of iterates as a burn-in period. Common algorithms for updating in DP model

such as those by Escobar and West (1995) slow down considerably as the number of

predictors increases. The retrospective sampling algorithm, in our experience, is more

robust converging quickly even with many thousands of predictors.

4. Simulations

Allowing shrinkage of model parameters to multiple locations is intuitively appealing;

however, we examine the performance of this approach, relative to the Bayesian lasso,

in some simple simulations. First, we simulated data in which effects were easily

estimated : 400 observations and 20 parameters, with 10 of the parameters having

true effect of 2 and the remaining 10 having a true effect of 0. A second set of

simulations was performed for a data sets with p > n: 100 observations and 200

parameters, 10 of which have true effect of 2 while the remaining have true effect 0.

50 simulated datasets were generated and we examined the performance of methods
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using mean squared error (MSE), bias, false positive and true positive rates.

We implemented the multiple shrinkage model using the default specification of

α = 1, a0 = b0 = 30, a1 = b1 = 6.5, c = 0, and d = 4 for the simulations. Each

MCMC algorithm was run for 100,000 iterations with the first 10,000 discarded as

burn-in. Output of the algorithms was examined for the first few simulations to

determine convergence. The algorithms ran quickly in Matlab v7.5 on a Dell desktop

with a 2.99 GhZ Xeon chip and 3Gb RAM, taking approximately 5 minutes when

p = 20 and 45 minutes when p = 200.

For comparison we implemented a standard Bayesian lasso through a Gibbs sam-

pler similar to that in Park and Casella (2005). In particular, we assume βj ∼ N(0, λ2
j)

with λ ∼ Exp(2/τ) and τ ∼ Gamma(a, b). Hyperparameters a and b in the Bayesian

lasso are set equal to a1 and b1 in expression 4.

Results from the first set of simulations indicate that the multiple shrinkage prior

offers improvement over the standard Bayesian lasso. The MSE estimated over all

simulated datasets are smaller for the multiple shrinkage prior. The reduction in

MSE is largely a result of decreased bias. The multiple shrinkage prior model tends

to identify the correct coefficient clustering. For instance, prior location and scale

parameters are often grouped into one cluster for the first 10 coefficients and a second

cluster for the last 10 coefficients. Each of the β coefficients is shrunk towards a cluster

specific prior mean. The first 10 coefficients are shrunk toward a prior mean that

is close to 2, resulting in dramatically decreased bias for β1 . . . β10 in the multiple

shrinkage model (MSE=0.03) compared to the standard lasso model (MSE=1.08).

Additionally, those coefficients (β11 . . . β20) whose prior means are clustered into the

null bin and assigned a prior mean of zero are shrunk more strongly toward that mean

in the multiple shrinkage prior model (MSE=0.01) than in the Bayesian lasso model

(MSE=0.04), as a result of our prior specification that a0 = b0 > a1 = b1.
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Results from the second set of simulations illustrate the advantages of the mul-

tiple shrinkage priors in large dimensions. The estimated MSE of the 10 coefficients

with an effect of 2 is much lower in the multiple shrinkage model than in Bayesian

lasso (MSE=1.5 and 3.2, respectively). The remaining 190 coefficients are estimated

with slightly higher MSE in the multiple shrinkage prior model than the Bayesian

lasso (MSE=0.08 vs .01, respectively). The improved performance of the multiple

shrinkage model is a result of including prior locations away from 0 and near the

truth, resulting in shrinkage toward that value and decreased bias. This also results

in slightly poorer performance in estimating the coefficients with null effects since

they will, occasionally, be shrunk toward non-null values. We suspect that this trade-

off in performance is one that investigators will gladly accept. For example, in our

simulated datasets, we can choose to flag significant results using the Bayesian FDR

discussed in section 2 and control the FDR at 20%. Averaging over the simulations,

the Bayesian lasso flags 9% of true positives and 0.1% of true negative predictors

as significant while the multiple shrinkage prior flags 46% of true positives and 1%

of true negatives as significant. The multiple shrinkage prior results in much greater

power and a slightly increase type-I error rate. Similar results are obtained with other

values of ε.

5. Multiple Shrinkage Priors and Diabetes

We implement our method in the widely used Pima Indian diabetes dataset.

Complete information on the outcome, diabetes, and predictors was available for 532

patients. Predictors included in the model were gravidity, plasma glucose concentra-

tion, diastolic blood pressure, skin fold thickness, body mass index (BMI), diabetes

pedigree function and age. The Pima Indian data is typically split into training and

testing datasets of size 200 and 332, respectively. We include variables for all 2-way

15



interactions and standardize all predictors to have mean 0 and variance 1.

We use the prior distribution on βp as in expression 4 and use the default spec-

ification that we recommend in section 2. The semi-parametric multiple shrinkage

model was implemented as in section 3 for 20,000 iterations. The chain converged

rapidly and showed little autocorrelation. We excluded the initial 5,000 iterations as

a burn in. For comparison, we implemented a Bayesian version of the lasso by assum-

ing βj ∼ N(0, λ2
j) with λj ∼ Exp(2/τj) and τj ∼ Gamma(a, b). A Gibbs sampling

algorithm for this model can be found in Park and Casella (2005). We ran this model

twice, with hyperpriors a = a0, b = b0 and once with a = a1, b = b1, where a1 and b1

are the hyperprior terms from the multiple shrinkage prior model.

Posterior median and 90% credible intervals from the three models are shown

in Figure 2. The Bayesian lasso model with a very concentrated prior distribution

(a = a0, b = b0) shrinks all coefficients strongly toward zero while the model with a less

concentrated prior (a = a1, b = b1) provided less shrinkage. The multiple shrinkage

prior model retained the ability to shrink some estimates strongly toward zero while

allowing other estimates to be shrunk toward non-zero locations. For instance, prior

location and scale parameters for the effect of the 12th predictor is clustered with the

prior for the 16th predictor 51% of the time. These coefficients were shrunk toward

their group specific hyperprior mean rather than 0, as in the standard Bayesian lasso

resulting in larger effects for these parameters.

The Pima Indian data has been widely used for purposes of prediction. We gen-

erated posterior predictive distributions for the outcome, ỹi, of the new observations

in the testing dataset by integrating over model parameters using the output of the

MCMC algorithm. When Pr(ỹi = 1) ≥ 0.5 we predict the outcome to be 1, and 0

otherwise. The multiple shrinkage prior approach was compared to the two Bayesian

lassos and a support vector machine (SVM), a maximum margin classifier described in
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Bishop (2006). Interestingly, the SVM had the worst predictive error in this example,

with 34% of outcomes in the testing dataset misclassified. The Bayesian lasso with

a = a0, b = b0 offered improvement over the SVM, misclassifying 23% of the outcomes,

classifying far too many observations as not being diabetic. The Bayesian lasso with

a = a1, b = b1 provided less shrinkage of effects and improved prediction somewhat,

misclassifying 22% of outcomes. The multiple shrinkage prior offered further improve-

ment, with a misclassification rate of 21%. Interestingly, the multiple shrinkage prior

approach was better at flagging true diabetics than the other approaches.

6. SNPs and multiple myeloma

Multiple myeloma is a hemotologic cancer (the second most common, after non-

Hodkins lymphoma) of the plasma cells with an average incidence of 5.5/100,000

person-years (Ries et al., 2007). Survival rates for individuals afflicted with myeloma

are poor with 5 year survival at roughly 30% (Ries et al., 2007). Relatively few en-

vironmental causes of myeloma have been established and increasingly research has

focused on genetic causes of the disease. Myeloma among individuals less than 40

years of age is relatively uncommon and there has been speculation that these in-

dividuals have a genetic predisposition for the disease. We analyze SNP data from

80 individuals diagnosed with multiple myeloma to determine whether any polymor-

phisms are related to early age (before 40 years) at onset. The collection of these data

and a previous analysis of them using support vector machines has been described in

Waddell et al. (2005).

We limit our analysis to 135 SNPs without any missing values. Indicator vari-

ables are created for each SNP with the heterzygous genotype treated as the referent

category, leading to 271 coefficients to estimate (270 SNP coefficients and 1 inter-

cept). We specified the default hyperpriors and ran our MCMC sampling algorithm
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for 600,000 iterations, keeping every 10th sample and discarding the initial 10,000

iterations as a burn-in. In genetic applications, interest often focuses less on effect

estimation than on significance testing. As previously, we assume that |βj| < ε can

be treated as null in substantive terms. We estimate πj =
∑

g I(|βgj | > ε)/G as the

posterior probability of the jth genotype having an effect. Coefficients whose prior

location and scale fall into the null bin frequently will typically have a very small

posterior probability of having an effect, as shown in Figure 3. The threshold implied

by choosing to guarantees a FDR ≤ 50% is 0.46 and 72 genotype effects with pos-

terior probability above that threshold are flagged as significant. If a FDR ≤ 30%

is specified, a threshold of 0.65 is chosen and 2 genotypes are flagged as significant.

The two genotypes (896198 and 912651) flagged under this criterion are both located

on the first chromosome. Previous research has linked chromosomal abnormalities in

the 1p arm with poorer prognosis following diagnosis of multiple myeloma (Wu et al.,

2007) and both of these SNPs fall in the 1p arm. Both SNPs fall in intergenic regions

and do not fall on known genes; however, they may be in high linkage disequilibrium

with a SNP in a gene that is related to multiple myelomas. SNP 896198 is found near

a number of amylase coding and regulating genes (AMY1A, AMY1B and AMY1C,

among others) and some research has suggested hyperamylasaemia among mulitple

myeloma patients (Hata et al., 2006).

We analyze these same data using two versions of the standard Bayesian lasso. As

before, the first Bayesian lasso allows for greater shrinkage (a = a0, b = b0) while the

second allows less shrinkage (a = a1, b = b1). MCMC sampling algorithms for each

model are run for 20,000 iterations with the initial 5,000 discarded as a burn in. The

Bayesian lasso with a = a0, b = b0 provided such strong shrinkage toward zero that

it did not result in any predictors being flagged as warranting further investigation,

under FDR ≤ 30% or FDR≤ 50%. The Bayesian lasso with a = a1, b = b1 flagged
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one SNP(912651) as warranting further investigation under FDR ≤ 30%. However,

under FDR≤ 50% it flagged all SNPs as significant. By allowing a mixture of prior

distributions, the multiple shrinkage prior provides greater flexibility in both the

amount of shrinkage and the value toward which coefficients are shrunk thus allowing

for more reasonable estimation.

7. Discussion

This article has proposed a novel semi-parametric Bayesian multiple shrinkage prior

that extends previous shrinkage methods by allowing coefficients to shrink to multiple,

unknown locations. Previous methods either allow shrinkage only toward zero, which

can greatly decrease MSE or provide a small number of non-zero fixed locations

toward which estimates are shrunk. By allowing shrinkage to an unknown number of

unknown locations other than zero, we demonstrate that MSE can often be reduced

even further.

We have implemented this model in two drastically different settings: a low di-

mensional example with p < n, and a high dimensional example with p >> n. Our

simulated data sets under these two scenarios indicate generally improved perfor-

mance of the multiple shrinkage model. In the first example, large improvements are

seen in terms of MSE (largely as a result of decreasing bias). In the large dimensional

dataset, MSE is decreased substantially for coefficients having a non-null effect and

is increased slightly for coefficients with null effects. The multiple shrinkage prior

model should be of great use to substantive researchers in many settings.
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Figure 1: Multiple shrinkage prior distribution with α = 1, c = 0 and d = 10.
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Figure 2: Posterior median and 90% credible intervals for analysis of Pima Indian

Diabetes data with Bayes lasso with a = b = 30, Bayes lasso with a = b = 6.5 and

multiple shrinkage prior.
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Figure 3: Posterior probability of genotype effects on early onset multiple myeloma.
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